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All one-loop renormalization constants for Non-Abelian gauge theory are computed in details
by using the symmetry-preserving Loop Regularization method proposed in[1, 2]. The resulting
renormalization constants are manifestly shown to satisfy Ward-Takahaski-Slavnov-Taylor identities,
and lead to the well-known one loop β function for Non-Abelian gauge theory of QCD[3]. The
loop regularization method is realized in the dimension of original field theories, it maintains not
only symmetries but also divergent behaviors of original field theories with the introduction of two
energy scales. Such two scales play the roles of characterizing and sliding energy scales as well
as ultraviolet and infrared cutoff energy scales. An explicit Check of those identities provides a
clear demonstration how the symmetry-preserving Loop Regularization method can consistently be
applied to non-Abelian gauge theories.
PACS numbers: 11.10.Gh, 11.15.-q, 11.15.Bt
I. INTRODUCTION
It is known that quantum field theories (QFTs) can not be defined by the straightforward perturbative expansion
because of the ultraviolet (UV) divergences. In order to make meaningful for QFTs, it is necessary to remove
infinities from perturbative calculations by renormalizing the fields, masses, and coupling constants. A successful
renormalization of QFT was firstly realized in 1940s by Tomonaga[4], Schwinger[5], Feynman[6] and Dyson[7] for the
case of QED, while it took until the early of 1970s when Wilson[8] gave it full physical meaning on QFTs.
The first step before renormalization is to modify the behavior of field theory at very large momentum so that all
Feynman diagrams become well-defined finite quantities. This procedure is usually called regularization. The most
important properties needed for a good regularization method are that it must preserve all symmetries of original field
theories and meantime maintain the divergent behavior of original Feynman integrals. In fact, many regularization and
renormalization methods have been proposed in the last several decades such as: cut-off regularization[9], Pauli-Villars
regularization[10], Schwinger’s proper time regularization[11], dimensional regularization[12], lattice regularization[13],
constrained differential renormalization[14] and so on. As discussed in[1, 2], each of them has its advantage in applying
to different situations. Up to now, there exists no single regularization which is suitable to all purposes in QFTs.
In refs.[1, 2], a new symmetry-preserving loop regularization(LR) was introduced to meet the request mentioned
above. The key concept in such a new regularization method is the introduction of irreducible loop integrals(ILIs)
[1, 2] which are evaluated from Feynman integrals. The gauge symmetry requires a set of necessary and sufficient
conditions called consistency conditions[1] which are held between the regularized tensor type ILIs and scalar type
ILIs. The loop regularization method was realized to satisfy those consistency conditions[1, 2] in the existence of
two energy scales. We shall give a brief introduction for the loop regularization below. For more details on the loop
regularization including motivations and concrete computation methods as well as general properties, we refer the
original papers[1, 2] to readers. Some interesting applications of this new method have been investigated in [15, 16, 17].
This paper is devoted to explicitly demonstrate how the loop regularization preserves non-Abelian gauge symmetry
by evaluating all the renormalization constants at one loop level and verifying the Ward-Takahaski-Slavnov-Taylor
identities among the renormalization constants. The paper is organized as follows: in section II, we shape the
gauge symmetry into the well-known Ward-Takahaski-Slavnov-Taylor identities, and give the conditions that the
renormalization constants must satisfy. In section III, we briefly outline the LR method. In section IV, we explicitly
evaluate all the one-loop divergent Feynman diagrams to yield all the renormalization constants of non-Abelian gauge
theory by using the loop regularization method, and derive the well-known β function[3] once checking manifestly
the Ward-Takahaski-Slavnov-Taylor identities among the obtained renormalization constants. The results are found
to be consistent with those obtained via the dimensional regularization as the quadratic divergent parts cancel each
other due to gauge symmetry. The conclusions and remarks are presented in the last section.
2II. RENORMALIZATION OF GAUGE THEORY AND WARD-TAKAHASKI-SLAVNOV-TAYLOR
IDENTITIES
The lagrangian of gauge theory with Dirac spinor fields ψn (n = 1, ..., Nf) interacting with gauge field A
a
µ (a =
1, ..., dG) is:
L = ψ¯n(iγ
µDµ −m)ψn −
1
4
F aµνF
aµν (1)
where:
F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν (2)
Dµψn = (∂µ − igT
aAaµ)ψn (3)
According to the Faddeev-Popov[18] quantization method, some ghost fields are necessary to be introduced when
fixing a gauge. In the covariant gauge, the lagrangian has the following form:
Leff = ψ¯n(iγ
µDµ −m)ψn −
1
4
F aµνF
aµν −
1
2ξ
(∂µAaµ)
2 + ∂µc¯a(∂µδ
ac + gfabcAbµ)c
c
= [ψ¯n(iγ
µ∂µ −m)ψn] + [−
1
4
(∂µA
a
ν − ∂νA
a
µ)
2 −
1
2ξ
(∂µAaµ)
2] + [∂µc¯aδac∂µc
c]
+gψ¯nγµA
aµT aψn −
1
2
gfabc(∂µA
a
ν − ∂νA
a
µ)A
bµAcν +
1
4
g2fabcfadeAbµA
c
νA
dµAeν
+gfabc∂µc¯aAbµc
c (4)
The corresponding Feynman Rules for this lagrangian are presented in App.B. All one loop Feynman diagrams are
shown below (for simplicity, the permutation graphs are omitted):
(1b)(1a)
(1d)(1c)
(3)(2)
3(5a) (5b)
(4b)(4a)
(6c) (6d)
(6a) (6b)
4(7a) (7b) (7c)
(7d) (7e)
Fig.1.
Though all loop diagrams contain divergent integrals, it was proved that gauge theories are renormalizable[19, 20,
21, 22, 23]. To remove the divergence, it is necessary to renormalize the theory by rescaling the fields and redefining
the masses and coupling constant. This procedure is equivalent to the introduction of some counterterms to the
Lagrangian
δL = [(z2 − 1)ψ¯niγ
µ∂µψn − (z2zm − 1)mψ¯nψn] + (z3 − 1)[−
1
4
(∂µA
a
ν − ∂νA
a
µ)
2]
+(z˜3 − 1)[∂
µc¯aδac∂µc
c] + (z1F − 1)gψ¯nγµA
aµT aψn
−(z1 − 1)
1
2
gfabc(∂µA
a
ν − ∂νA
a
µ)A
bµAcν + (z4 − 1)
1
4
g2fabcfadeAbµA
c
νA
dµAeν
+(z˜1 − 1)gf
abc∂µc¯aAbµc
c (5)
where z1, · · · , z4 are the so-called renormalization constants. They are not independent and must satisfy the re-
lations called Slavnov-Taylor identities[24] which are the generalization of the usual Ward-Takahaski identities.
Those identities are actually consequence of the gauge symmetry. To obtain the relations, one can make the BRST
transformation[25] which leads to some identities for the generating functional. Then performing a Lengendre trans-
formation we obtained the identities for the 1PI generating functional. Taking the functional derivatives of the 1PI
generating functional, one arrives at the relations between the 1PI Green functions. Those relations are the strict
restriction of the solution of the gauge symmetry. As a consequence, the renormalization constants should satisfy the
following identities[26]:
z1F
z
1/2
3 z2
=
z˜1
z
1/2
3 z˜3
=
z1
z
3/2
3
=
z
1/2
4
z3
(6)
There is a more intuitive method to yield the relations among the renormalization constants. In fact, the gauge
independence and the unitarity of the renormalized S matrix require that the gauge symmetry must be maintained after
renormalization[27], which means that the renormalization constants of g obtained from each vertex renormalization
must be the same. From such a requirement, one can arrive at above identities. The two-, three- and four-point
renormalization constants were evaluated in refs.[30, 31] by using the dimensional regularization. For completeness,
we shall perform in this note a detailed calculation for all two-, three- and four-point renormalization constants by
using the loop regularization method. As our calculations for the renormalization constants are carried out only at
one loop level, which does not involve the renormalization scheme dependence, so we shall not discuss in this note
the relevant issues. A detailed discussion on the renormalization scheme prescription in loop regularization will be
considered elsewhere.
5III. BRIEF INTRODUCTION TO LOOP REGULARIZATION METHOD
In this section we shall briefly introduce the loop regularization method. For our current consideration, we demon-
strate only the one loop case. The key concept of the loop regularization is the introduction of irreducible loop integrals
(ILIs). It has been shown in[1, 2] that by adopting the Feynman parameterization method with appropriately shifting
the integration variables, all one loop Feynman integrals can be expressed in terms of the following 1-fold ILIs:
I−2α =
∫
d4k
(2π)4
1
(k2 −M2)2+α
,
I−2α µν =
∫
d4k
(2π)4
kµkν
(k2 −M2)3+α
, α = −1, 0, 1, 2, ... (7)
I−2α µνρσ =
∫
d4k
(2π)4
kµkνkρkσ
(k2 −M2)4+α
Here M2 is in general a function of the external momenta pi, the masses of particles mi and the Feynman parameters.
Where I2 and I0 are corresponding to the quadratic and logarithmic divergent integrals.
To maintain the gauge invariance, the regularized 1-fold ILIs should satisfy a set of consistency conditions[1, 2]:
IR2µν =
1
2
gµν I
R
2 , I
R
2µνρσ =
1
8
(gµνgρσ + gµρgνσ + gµσgρν) I
R
2 ,
IR0µν =
1
4
gµν I
R
0 , I
R
0µνρσ =
1
24
(gµνgρσ + gµρgνσ + gµσgρν) I
R
0 . (8)
where the superscript ”R” denotes the regularized ILIs.
A simple prescription of loop regularization [1, 2] was realized to ensure the above consistency conditions. The
procedure is: Rotating to the four dimensional Euclidean space of momentum, replacing in the ILIs the loop integrating
variable k2 and the loop integrating measure
∫
d4k by the corresponding regularized ones [k2]l and
∫
[d4k]l:
k2 → [k2]l ≡ k
2 +M2l ,∫
d4k →
∫
[d4k]l ≡ lim
N,M2
l
N∑
l=0
cNl
∫
d4k (9)
where M2l (l = 0, 1, · · ·) may be regarded as the mass factors of loop regulators. If there is no IR divergence in the
integrals, one can take the initial conditions M20 = 0 and c
N
0 = 1 to recover the original integrals in the limit M
2
l →∞
(l = 1, 2, · · · ). For IR divergent integrals, one may set M20 = µ
2
s to regularize it. The regularized ILIs in the Euclidean
space-time are then given by:
IR−2α = i(−1)
α lim
N,M2
l
N∑
l=0
cNl
∫
d4k
(2π)4
1
(k2 +M2 +M2l )
2+α
,
IR−2α µν = −i(−1)
α lim
N,M2
l
N∑
l=0
cNl
∫
d4k
(2π)4
kµkν
(k2 +M2 +M2l )
3+α
, α = −1, 0, 1, 2, ... (10)
IR−2α µνρσ = i(−1)
α lim
N,M2
l
N∑
l=0
cNl
∫
d4k
(2π)4
kµkνkρkσ
(k2 +M2 +M2l )
4+α
The coefficients cNl are chosen to satisfy the following conditions:
lim
N,M2
l
N∑
l=0
cNl (M
2
l )
n = 0 (n = 0, 1, · · ·) (11)
One can easily verify that the following set is the simplest solution of the above conditions:
M2l = µ
2
s + lM
2
R, c
N
l = (−1)
l N !
(N − l)!l!
(12)
Here MR may be regarded as a basic mass scale of loop regulator and the notation limN,M2
l
stands for the limit
limN,M2
R
→∞. It has been shown in [2] that the above regularization prescription can be understood in terms of
6Schwinger proper time formulation with an appropriate regulating distribution function. Note that the loop regular-
ization is different from the Pauli-Villars regularization in which the regularization prescription is realized through
introducing super heavy particles, so that the Pauli-Villars regularization cannot directly be applied to non-Abelian
gauge theories. Unlike the Pauli-Villars regularization, the loop regularization is applicable to non-Abelian gauge
theories via above regularization prescription on the ILIs.
With the simple solution for M2l and c
N
l in above equation, the regularized ILIs I
R
0 and I
R
2 can be evaluated
explicitly as [1, 2]:
IR2 =
−i
16π2
{M2c − µ
2[ln
M2c
µ2
− γw + 1 + y2(
µ2
M2c
)]}
IR0 =
i
16π2
[ln
M2c
µ2
− γw + y0(
µ2
M2c
)] (13)
with µ2 = µ2s +M
2, and
γw ≡ lim
N
{
N∑
l=1
cNl ln l + ln[
N∑
l=1
cNl l ln l ]} = γE = 0.5772 · · · ,
y0(x) =
∫ x
0
dσ
1 − e−σ
σ
, y1(x) =
e−x − 1 + x
x
y2(x) = y0(x) − y1(x), lim
x→0
yi(x)→ 0, i = 0, 1, 2 (14)
M2c ≡ lim
N,MR
M2R
N∑
l=1
cNl (l ln l) = lim
N,MR
M2R/ lnN
(15)
By comparing the above results with the ones obtained by naive cutoff regularizaton, it is easily seen that the µs sets
an IR ‘cutoff’ at M2 = 0 and Mc provides an UV ‘cutoff’. For renormalizable quantum field theories, Mc can be
taken to be infinity (Mc → ∞). In a theory without infrared divergence, µs can safely run to µs = 0. Actually, in
the case that Mc → ∞ and µs = 0, one recovers the initial integral. Also once MR and N are taken to be infinity,
the regularized theory becomes independent of the regularization prescription. These are main properties needed for
a proper regularization. For a detailed description and an explicit treatment for higher loop Feynman integrals, it is
referred to the original paper on loop regularization [1, 2]. Note that to evaluate the ILIs, the algebraic computing
for multi γ matrices involving loop momentum k/ such as k/γµk/ should be carried out to be expressed in terms of the
independent components: γµ, σµν , γ5γµ, γ5.
It is known that in all the regularization schemes, there is an important issue that for a divergent integral it is in
general not appropriate to shift the integration variable. In the loop regularization method we have actually shifted
the integration variables before taking the regularization prescription, one may doubt wether such a treatment is well
justified. The answer is yes. In fact, we can take the loop regularization prescription before shifting the integration
variables, and the results are the same as what we get when shifting the integration variables first. For an illustration,
let us examine a simple logarithmic divergent Feynman integral:
L =
∫
d4k
(2π)4
1
k2 −m21
1
(k − p)2 −m22
(16)
Following the standard process of the loop regularization method, the first step is to apply the general Feynman
parameter formula
1
aα11 a
α2
2 · · ·a
αn
n
=
Γ(α1 + · · ·+ αn)
Γ(α1) · · ·Γ(αn)
∫ 1
0
dx1
∫ x1
0
dx2 · · ·
∫ xn−2
0
dxn−1
(1− x1)
α1−1(x1 − x2)
α2−1· · ·xαn−1n−1
[a1(1− x1) + a2(x1 − x2) + · · ·+ anxn−1]α1+···+αn
(17)
to the Feyman integral. For the above Feynman integral, we then obtain the following integral
L =
∫
d4k
(2π)4
∫ 1
0
dx
1
{(1− x)(k2 −m21) + x[(k − p)
2 −m22]}
2
7=
∫
d4k
(2π)4
∫ 1
0
dx
1
{(k − xp)2 − [(1− x)m21 + xm
2
2 − x(1 − x)p
2]}2
=
∫ 1
0
dx
∫
d4k
(2π)4
1
((k − xp)2 −M2)2
(18)
with M2 = (1 − x)m21 + xm
2
2 − x(1 − x)p
2. When shifting the integration variable, we arrive at the standard scalar
type ILI
L =
∫ 1
0
dx
∫
d4k
(2π)4
1
(k2 −M2)2
=
∫ 1
0
dx I0 (19)
By making Wick rotation and applying the loop regularization prescription to such an integral, we then obtain the
regularized Feynman integral
LR = i
∫ 1
0
dx lim
N,M2
l
N∑
l=0
cNl
∫
d4k
(2π)4
1
(k2 +M2 +M2l )
2
(20)
Alternatively, one can also apply for the regularization prescription before shifting the integration variable, i.e.,
(k − xp)2 → (k − xp)2 +M2l , we then have
L′R = i lim
N,M2
l
N∑
l=0
cNl
∫
d4k
(2π)4
1
[(k − xp)2 +M2 +M2l ]
2
(21)
which becomes a well defined integral, so that we can safely shift the integration variable:
L′R =
∫ 1
0
dx lim
N,M2
l
N∑
l=0
cNl
∫
d4k
(2π)4
1
(k2 +M2 +M2l )
2
≡ LR (22)
which explicitly shown that in loop regularization method, one can safely shift the integration variables and express
all the Feynman integrals in terms of ILIs before applying for the regularization prescription. In fact, it was found
from the calculation of triangle anomaly that even for the linear divergent integral, only when firstly making a shift
of integral variable, which then allows one to eliminate the ambiguities and leads to a consistent result. The reason
is simple that loop regularization is translational invariant.
IV. CHECKING WARD-TAKAHASKI-SLAVNOV-TAYLOR IDENTITIES WITH EXPLICIT
CALCULATIONS OF RENORMALIZATION CONSTANTS AND β FUNCTION
With the above analyzes, we are in the position to calculate the renormalization constants of Non-Abelian gauge
theory at one loop level by using the loop regularization method. More details can be found in Appendix C where we
evaluate all the one-loop divergent diagrams in terms of the explicit forms of ILIs.
A. Renormalization constant for fermion fields strength
As there is only one diagram which contributes the one-loop renormalization for the fermion fields strength, the
divergent part of this diagram has been evaluated in detail in the Appendix C and explicitly given in terms of the
ILIs. Here we only write down the regularized divergent part for the purpose of defining the relevant renormalization
constant
L(2)div = (−g
2C2)
∫ 1
0
dx1{[x1(3x1 − 4)(ξ − 1)− 2x1]p/+ [2x1(ξ − 1) + 4]m}I
R
0 (23)
The explicit form of IR0 is given in loop regularization by the following form
IR0 =
i
16π2
[ln
M2c
µ2
− γω + y0(
µ2
M2c
)] (24)
8The next step is to introduce appropriate renormalization conditions to make a suitable subtraction. Namely we shall
find a prescription to divide the Feynman integral into divergent part and finite part, and cancel the divergent part by
the counterterms. Such a prescription will fix the renormalization constants uniquely. Many different ways to introduce
the renormalization conditions have been put forward in literature, they are referred as various renormalization
schemes, such as: On-Shell renormalization scheme, Momentum Subtraction scheme, Minimal Subtraction scheme, and
so on. Different renormalization schemes will lead to different definitions of the renormalized parameters. Nevertheless,
the physics content of the theory, i.e. the renormalized S matrix elements, should not depend on the choices of
renormalization schemes[28].
As is well-known, no matter under which renormalization schemes, it is inevitable to involve a mass dimensional
parameter into the original theory, even though the original theory contains only dimensionless parameters. For
example, in Momentum Subtraction scheme, one needs set the reference momentum point for subtraction, and in
Minimal Subtraction scheme one has to introduce a mass dimensional parameter µ. In fact, this is the essential
reason of the dimension transmutation[29]. Any choice for the involved parameter is as good as any other, the physics
should be invariant under the transformations which merely change this parameter. This is actually the consequence
of renormalization group. Such a mass dimensional parameter plays the role of physically interesting sliding energy
scale.
To remove the infinities, it needs to specify the subtraction scheme. In the loop regularizationmethod, we may adopt,
for simplicity, a subtraction scheme similar to the Modified Minimal Subtraction scheme in dimensional regularization.
Notice that the arbitrary mass parameter µs plays the role of the sliding energy scale, one may rewrite I
R
0 as follows
IR0 =
i
16π2
[ln
M2c
µ2s
− γω] +
i
16π2
[ln
µ2s
µ2
+ y0(
µ2
M2c
)] (25)
Since the term y0 approaches to zero y0 → 0 in the limit Mc → ∞. For the massless case with on mass shell
condition, we have µ2 = µ2s and lnµ
2
s/µ
2 = 0. Thus the substraction scheme is chosen so that the terms proportional
to i
16pi2 (ln
M2
c
µ2
s
−γω) in the Feynman integral are canceled by the introduction of counterterms. As such a term doesn’t
depend on the Feynman parameter x1, one can integrate x1 easily. Final results are given by:
L(2)div = (−g
2C2)
∫ 1
0
dx1{[x1(3x1 − 4)(ξ − 1)− 2x1]p/+ [2x1(ξ − 1) + 4]m}
i
16π2
(ln
M2c
µ2s
− γω)
=
−ig2
8π2
C2[(−ξ)p/+ (ξ + 3)m]
1
2
(ln
M2c
µ2s
− γω) (26)
From the condition i(z2 − 1)p/+ L(2)div = 0, we then obtain the renormalization constant z2:
z2 = 1−
g2
8π2
C2ξ
1
2
(ln
M2c
µ2s
− γω) (27)
B. Renormalization constant for gluon fields strength
Four diagrams can contribute to the Aaµ’s renormalization as shown in Fig.1. These four diagrams have explicitly
been evaluated in [1, 2] with the result:
LabRµν = g
2δab(p2gµν − pµpν)
∫ 1
0
dx{C1[1 + 4x(1− x) +
1
2
(1− ξ)]IR0
−NfT28x(1− x)I
R
0 (m)− 4C1(1 − ξ)[1−
1
8
(1− ξ)]x(1 − x)p2IR−2} (28)
where IR0 is the renormalized divergent ILIs and given by Eq.25 in the loop regularization. Thus the purely renor-
malized divergent term turns out to have the following form:
Labµν;div = g
2δab(p2gµν − pµpν)
∫ 1
0
dx{C1[1 + 4x(1− x) +
1
2
(1− ξ)]
i
16π2
(ln
M2c
µ2s
− γω)
−NfT28x(1 − x)
i
16π2
(ln
M2c
µ2s
− γω)}
= i{
g2
16π2
(
13
3
− ξ)C1
1
2
(ln
M2c
µ2s
− γω)−
g2
6π2
NfT2
1
2
(ln
M2c
µ2s
− γω)}δ
ab(p2gµν − pµpν) (29)
9The above divergent term can be canceled by introducing the counterterm
i(z3 − 1)δ
ab(p2gµν − pµpν) = L
ab
µν;div
with the renormalization constant z3
z3 = 1+
g2
16π2
[
(
13
3
− ξ)C1 −
g2
6π2
NfT2
]
1
2
(ln
M2c
µ2s
− γω) (30)
C. Ghost self-energy diagram and renormalization of ghost fields
There is only one diagram (fig.3) which contributes to the one-loop renormalization for the ghost fields strength.
The divergent part of this diagram is evaluated in the Appendix C and reads in terms of the renormalized divergent
ILIs as follows
L(3)cddiv = −C1g
2δcd
∫ 1
0
dx
∫
d4k
(2π)4
(x − (1−
3
2
x)(ξ − 1))p2IR0 (31)
Using Eq.(25) and noticing that the subtracting divergent term i
16pi2 ln
M2
c
µ2
s
is independent of the Feynman parameter
x, we have
L(3)cddiv =
ig2
16π2
(
1
2
ξ −
3
2
)C1δ
cdp2
1
2
(ln
M2c
µ2s
− γω) (32)
The counterterm should satisfy the condition
i(z˜3 − 1)p
2δcd + L(3)cddiv = 0 (33)
which leads the renormaliztion constant z˜3 to be
z˜3 = 1 +
g2
16π2
C1(
3
2
−
ξ
2
)
1
2
(ln
M2c
µ2s
− γω) (34)
D. Fermion-gluon vertex renormalization
Two kind of diagrams including their permutation (fig.4) contribute to the one-loop renormalization for the fermion-
gluon vertex. They are explicitly evaluated in the Appendix C, the divergent parts are given in terms of the renor-
malized divergent ILIs as follows
L(4a)aRµ;div = g
3(C2 −
1
2
C1)T
a
∫ 1
0
dx1
∫ x1
0
dx2[2 + 6(1− x1)(ξ − 1)]γµI
R
0 (M4a) (35)
L(4b)aRµ;div = g
3C1T
aγµ
∫ 1
0
dx1
∫ x1
0
dx2[3 +
9
4
x1(ξ − 1)]I
R
0 (M4b) (36)
The corresponding subtracting divergent terms are found to be
L(4a)aRµ;div =
ig3
8π2
(C2 −
1
2
C1)ξγµT
a 1
2
(ln
M2c
µ2s
− γω) (37)
L(4b)aRµ;div =
ig3
8π2
3
4
(ξ + 1)C1T
aγµ
1
2
(ln
M2c
µ2s
− γω) (38)
The total contribution is given
L(4)aRµ;div = L(4a)
aR
µ;div + L(4b)
aR
µ;div
=
ig3
8π2
[(
3
4
+
1
4
ξ)C1 + ξC2]T
aγµ
1
2
(ln
M2c
µ2s
− γω) (39)
From the renormaliztion condition (z1F − 1)igT
aγµ + L(4)
aR
µ;div = 0, the renormalization constant z1F reads:
z1F = 1−
g2
8π2
[
(
3
4
+
ξ
4
)C1 + ξC2
]
1
2
(ln
M2c
µ2s
− γω) (40)
10
E. Ghost-gluon vertex renormalization
For the one-loop renormalization of three-gluon vertex, there are two diagrams including their permutation (fig.5).
Their explicit evaluation is presented in the Appendix C. The divergent parts are given in terms of the renormalized
divergent ILIs as follows
L(5a)acbµ;div = −
i
2
g3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx2
1
2
ξp2µI
R
0 (M5a) (41)
L(5b)acbµ;div = −
3i
4
g3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx2(3(x1 − x2)(ξ − 1) + 1)p2µI
R
0 (M5b) (42)
The corresponding subtracting divergent terms are given by integrating over Feynman parameters x1, x2
L(5a)acbµ;div =
g3
16π2
1
4
ξC1f
acbp2µ
1
2
(ln
M2c
µ2s
− γω) (43)
L(5b)acbµ;div =
g3
16π2
3
4
ξC1f
acbp2µ
1
2
(ln
M2c
µ2s
− γω) (44)
with the final result
L(5)acbµ;div = L(5a)
acb
µ;div + L(5b)
acb
µ;div
=
g3
16π2
ξC1f
acbp2µ
1
2
(ln
M2c
µ2s
− γω) (45)
From the renormalization condition (z˜1 − 1)gf
acbp2µ + L(5)
acb
µ;div = 0, the renormalization constant z˜1 is given by:
z˜1 = 1−
g2
16π2
ξC1
1
2
(ln
M2c
µ2s
− γω) (46)
F. Three-gluon vertex renormalization
Four loop diagrams including their permutation graphs will contribute to the one-loop renormalization of three-gluon
vertex. More detailed evaluation is presented in the Appendix C, the divergent parts in terms of the renormalized
divergent ILIs read
L(6a)abcµνλ;div = 2ig
3fabcT2
∫ 1
0
dx1
∫ x1
0
dx2I
R
0 (M6a)[4(−x1 + x2 + 1)(
1
2
k2µgνλ +
+
1
2
k2νgµλ + k2λgµν − k2µgνλ − k2νgµλ −
1
2
k2λgµν) + x2(
1
2
k3µgνλ +
+
1
2
k3νgµλ + k3λgµν − k3µgνλ − k3νgµλ −
1
2
k3λgµν) +
+(x2 − x1)(
1
2
k2νgλµ +
1
2
k2λgνµ + k2µgνλ − k2νgλµ − k2λgνµ −
1
2
k2µgνλ) +
+x2(
1
2
k3νgλµ +
1
2
k3λgνµ + k3µgνλ − k3νgλµ − k3λgνµ −
1
2
k3µgνλ) +
+(x2 − x1)(
1
2
k2λgµν +
1
2
k2µgλν + k2νgλµ − k2λgµν − k2µgλν −
1
2
kνgλµ) +
+(x2 − 1)(
1
2
k3λgµν +
1
2
k3µgλν + k3νgλµ − k3λgµν − k3µgλν −
1
2
k3νgλµ)] (47)
L(6b)abcµνλ;div = 2ig
3fanmf bmpf cpn
∫ 1
0
dx1
∫ x1
0
dx2I
R
0 (M6b)
{[−(1− x1)k2 + x2k3]λ
1
4
gµν + (x1k2 + x2k3)ν
1
4
gµλ + [−(1− x1)k2 − (1− x2)k3]µ
1
4
gνλ}
+(k2→k3, ν → λ, b→c) (48)
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L(6c)abcµνλ;div = −iC1g
3fabc
∫ 1
0
dx1
∫ x1
0
dx2I
R
0 (M6c)
×{(
1
4
gαγgλν −
2
4
gαλgνγ −
1
4
gγλg
α
ν −
1
4
gαν gλγ −
2
4
gνγg
α
λ +
4
4
gνλg
α
γ + g
α
ν gγλ)
×[((−1− x1)k2 + (−1− x2)k3)
γgµα + ((−1 + 2x1)k2 + (−1 + 2x2)k3)µg
γ
α + ((2 − x1)k2
+(2− x2)k3)αg
γ
µ] + (−
2
4
gαλg
ρ
µ −
1
4
gαµg
ρ
λ +
4
4
gµλg
ρ
α +
1
4
gραgµλ −
1
4
gρλgµα −
2
4
gρµgαλ + g
ρ
λgαµ)
×[((2− x1)k2 − x2k3)
αgνρ + ((−1 + 2x1)k2 + 2x2k3)νg
α
ρ + ((−1− x1)k2 − x2k3)ρg
α
ν ]
+(−
1
4
gγµgνρ + g
γ
µgνρ −
2
4
gγνgµρ+
4
4
gµνg
γ
ρ +
1
4
gγρgµν −
2
4
gµρg
γ
ν −
1
4
gνρg
γ
µ)
×[((1− x1)k2 + (2− x2)k3)
ρgλγ + ((−2 + 2x1)k2 + (−1 + 2x2)k3)λg
ρ
γ
+((1− x1)k2 + (−1− x2)k3)γg
ρ
λ]} (49)
L(6d)abcµνλ;div =
3i
4
g3C1f
abc(gνρgλσ − gρλgσν)
∫ 1
0
dx1I
R
0 (M6d)[(1 + x1)k
σ
1 g
ρ
µ + (1− 2x1)k1µg
ρσ + (−2 + x1)k
ρ
1g
σ
µ]
+permutation graphs (50)
The corresponding subtracting divergent terms are simply obtained by integrating over the Feynman parameters x1,
x2
L(6a)abcµνλ;div = −
4
3
ig2T2
i
16π2
(ln
M2c
µ2s
− γω)gf
abc[gµν(k1λ − k2λ) + gνλ(k2µ − k3µ) + gλµ(k3ν − k1ν)] (51)
L(6b)abcµνλ;div =
i
24
g2C1
i
16π2
(ln
M2c
µ2s
− γω)gf
abc[gµν(k1 − k2)λ + gνλ(k2 − k3)µ + gλµ(k3 − k1)ν ] (52)
L(6c)abcµνλ;div = −
13i
8
C1g
2 i
16π2
(ln
M2c
µ2s
− γω)gf
abc[gµν(k1 − k2)λ + gνλ(k2 − k3)µ + gλµ(k3 − k1)ν ] (53)
L(6d)abcµνλ;div =
9i
4
C1g
2 i
16π2
(ln
M2c
µ2s
− γω)gf
abc[gµν(k1 − k2)λ + gνλ(k2 − k3)µ + gλµ(k3 − k1)ν ] (54)
with the total result being given by summing over the four diagrams including their permutation graphs
L(6)abcµνλ;div = NfL(6a)
abc
µνλ;div + L(6b)
abc
µνλ;div + L(6c)
abc
µνλ;div + L(6d)
abc
µνλ;div
= [(
2
3
ig2C1 −
4
3
ig2NfT2)
i
16π2
(ln
M2c
µ2s
− γω)]gf
abc[gµν(k1λ − k2λ) + gνλ(k2µ − k3µ) + gλµ(k3ν − k1ν)]
(55)
Using the renormalization condition
(z1 − 1)gf
abc[gµν(k1λ − k2λ) + gνλ(k2µ − k3µ) + gλµ(k3ν − k1ν)] + L(6)
abc
µνλ;div = 0 (56)
we obtain the renormalization constant z1 in Feynman gauge ξ = 1 to be
z1 = 1 + (
g2
12π2
C1 −
g2
6π2
NfT2)
1
2
(ln
M2c
µ2s
− γω) (57)
The evaluation in the ξ gauge is rather length, the result is
z1 = 1 +
[
g2
12π2
[1 +
9
8
(1− ξ)]C1 −
g2
6π2
NfT2
]
1
2
(ln
M2c
µ2s
− γω) (58)
G. Four-gluon vertex renormalization
We finally consider the four-gluon vertex renormalization, there are five loop diagrams which contribute to its
renormalizaion. The detailed evaluation can be found in the Appendix C, we present here only the divergent parts in
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terms of the renormalized divergent ILIs
L(7a)abcdµνλρ;div = 6g
4faeff bfjf cjnfdne
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3[
5
2
(gµνgλρ + gµρgνλ) +
34
24
(gµνgλρ + gµλgνρ + gµρgνλ)]I
R
0 (M7a) + 2 permutations (59)
L(7b)abcdµνλρ;div = 2g
4faeffdme[f lfbf lcm(gβλg
χ
ν − g
βχgνλ) + f
lfcf lmb(gβχgλν − g
β
ν g
χ
λ) + f
lfmf lbc(gβν g
χ
λ − g
β
λg
χ
ν )]∫ 1
0
∫ x1
0
dx1dx2(gβµgρχ −
1
4
gβµgρχ −
2
4
gβρgµχ +
4
4
gµρgβχ +
1
4
gβχgµρ −
2
4
gµχgβρ −
1
4
gρχgµβ)I
R
0 (M7b)
+5 permutations (60)
L(7c)abcdµνλρ;div =
1
2
g4[feaifejd(gµβgαρ − gµρgαβ) + f
eajfedi(gµρgβα − gµαgβρ) + f
eadfeij(gµαgρβ − gµβgρα)]×
[ffibffcj(gαλg
β
ν − g
αβgνλ) + f
ficffjb(gαβgλν − g
α
ν g
β
λ) + f
fijffbc(gαν g
β
λ − g
α
λg
β
ν )]∫ 1
0
dx1I
R
0 (M7c) + 2 permutations (61)
L(7d)abcdµνλρ;div = −
1
4
g4faief bmif cpmfdep(gµνgλρ + gµλgνρ + gµρgνλ)
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3I
R
0 (M7d) +
+5 permutations (62)
L(7e)abcdµνλρ;div = −8g
4Tr(T aT dT cT b)(gµνgλρ − 2gµλgνρ + gµρgνλ)
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3I
R
0 (M7e) +
5 permutations (63)
The corresponding subtracting divergent terms are yielded by integrating over the Feynman parameters x1, x2, x3
L(7a)abcdµνλρ;div = g
4 i
16π2
(ln
M2c
µ2s
− γω)[gµνgλρ(
47
12
F abcd +
17
12
F acbd +
47
12
F abdc) +
gµλgνρ(
17
12
F abcd +
47
12
F acbd +
47
12
F abdc) + gµρgνλ(
47
12
F abcd +
47
12
F acbd +
17
12
F abdc)] (64)
L(7b)abcdµνλρ;div = g
4 i
16π2
(ln
M2c
µ2s
− γω)[gµνgλρ(−
17
2
F abcd + 2F acbd −
17
2
F abdc −
3
2
C1f
ladf lbc −
3
2
C1f
lacf lbd) +
gµλgνρ(2F
abcd −
17
2
F acbd −
17
2
F abdc +
3
2
C1f
ladf lbc −
3
2
C1f
labf lcd) +
gµρgνλ(−
17
2
F abcd −
17
2
F acbd + 2F abdc +
3
2
C1f
lacf lbd +
3
2
C1f
labf lcd)] (65)
L(7c)abcdµνλρ;div = g
4 i
16π2
(ln
M2c
µ2s
− γω)[gµνgλρ(2C1f
eadfebc + 2C1f
eacfebd + 3F abcd + 3F abdc) +
gµλgνρ(2C1f
eabfecd − 2C1f
eadfebc + 3F abdc + 3F acbd) +
gµρgνλ(−2C1f
eabfecd − 2C1f
eacfebd + 3F abcd + 3F acbd)
L(7d)abcdµνλρ;div = g
4 i
16π2
(ln
M2c
µ2s
− γω)[gµνgλρ(−
1
12
F abcd −
1
12
F acbd −
1
12
F abdc) +
gµλgνρ(−
1
12
F abcd −
1
12
F acbd −
1
12
F abdc) + gµρgνλ(−
1
12
F abcd −
1
12
F acbd −
1
12
F abdc)] (66)
L(7e)abcdµνλρ;div = −
4
3
T2g
4 i
16π2
(ln
M2c
µ2s
− γω)
{gµνgλρ(f
adlf bcl + faclf bdl) + gµλgνρ(f
ablf cdl − fadlf bcl) + gµρgνλ(−f
ablf cdl − faclf bdl)} (67)
with F abcd≡faeff bfgf cghfdhe. By adding those five diagrams together, we have
L(7)abcdµνλρ;div = L(7a)
abcd
µνλρ;div + L(7b)
abcd
µνλρ;div + L(7c)
abcd
µνλρ;div + L(7d)
abcd
µνλρ;div +NfL(7e)
abcd
µνλρ;div
= g4
i
16π2
(ln
M2c
µ2s
− γω)[gµνgλρ(
47
12
F abcd +
17
12
F acbd +
47
12
F abdc) +
13
gµλgνρ(
17
12
F abcd +
47
12
F acbd +
47
12
F abdc) + gµρgνλ(
47
12
F abcd +
47
12
F acbd +
17
12
F abdc)]
+g4
i
16π2
(ln
M2c
µ2s
− γω)[gµνgλρ(−
17
2
F abcd + 2F acbd −
17
2
F abdc −
3
2
C1f
ladf lbc −
3
2
C1f
lacf lbd) +
gµλgνρ(2F
abcd −
17
2
F acbd −
17
2
F abdc +
3
2
C1f
ladf lbc −
3
2
C1f
labf lcd) +
gµρgνλ(−
17
2
F abcd −
17
2
F acbd + 2F abdc +
3
2
C1f
lacf lbd +
3
2
C1f
labf lcd)]
+g4
i
16π2
(ln
M2c
µ2s
− γω)[gµνgλρ(2C1f
eadfebc + 2C1f
eacfebd + 3F abcd + 3F abdc) +
gµλgνρ(2C1f
eabfecd − 2C1f
eadfebc + 3F abdc + 3F acbd) +
gµρgνλ(−2C1f
eabfecd − 2C1f
eacfebd + 3F abcd + 3F acbd)
+g4
i
16π2
(ln
M2c
µ2s
− γω)[gµνgλρ(−
1
12
F abcd −
1
12
F acbd −
1
12
F abdc) +
gµλgνρ(−
1
12
F abcd −
1
12
F acbd −
1
12
F abdc) + gµρgνλ(−
1
12
F abcd −
1
12
F acbd −
1
12
F abdc)]
−
4
3
NfT2g
4 i
16π2
(ln
M2c
µ2s
− γω)
{gµνgλρ(f
adlf bcl + faclf bdl) + gµλgνρ(f
ablf cdl − fadlf bcl) + gµρgνλ(−f
ablf cdl − faclf bdl)}
= g4
i
16π2
(ln
M2c
µ2s
− γω)[gµνgλρ(
1
2
C1f
eadfebc +
1
2
C1f
eacfebd +
−5
3
F abcd +
10
3
F acbd +
−5
3
F abdc) +
gµλgνρ(
1
2
C1f
eabfecd −
1
2
C1f
eadfebc +
−5
3
F abcd +
10
3
F acbd +
−5
3
F abdc) +
gµρgνλ(−
1
2
C1f
eabfecd −
1
2
C1f
eacfebd +
−5
3
F abcd +
10
3
F acbd +
−5
3
F abdc)]
−
4
3
NfT2g
4 i
16π2
(ln
M2c
µ2s
− γω)
{gµνgλρ(f
adlf bcl + faclf bdl) + gµλgνρ(f
ablf cdl − fadlf bcl) + gµρgνλ(−f
ablf cdl − faclf bdl)}
= [−
1
3
C1 −
4
3
NfT2]g
4 i
16π2
(ln
M2c
µ2s
− γω)
{gµνgλρ(f
adlf bcl + faclf bdl) + gµλgνρ(f
ablf cdl − fadlf bcl) + gµρgνλ(−f
ablf cdl − faclf bdl)} (68)
By applying for the renormalization condition
(z4 − 1)(−ig
2){gµνgλρ(f
adlf bcl + faclf bdl) + gµλgνρ(f
ablf cdl − fadlf bcl) + gµρgνλ(−f
ablf cdl − faclf bdl)}
+L(7)abcµνλ;div = 0 (69)
we then obtain in the Feyman gauge ξ = 1 the renormalization constant z4
z4 = 1− (
g2
24π2
C1 +
g2
6π2
NfT2)
1
2
(ln
M2c
µ2s
− γω) (70)
A similar but length evaluation in the ξ gauge leads to the result
z4 = 1−
[
g2
24π2
(1 + 3(ξ − 1))C1 +
g2
6π2
NfT2
]
1
2
(ln
M2c
µ2s
− γω) (71)
H. Ward-Takahaski-Slavnov-Taylor identities and β function
We shall summarize all the renormalization constants in this section to check Ward-Takahaski-Slavnov-Taylor
identities and calculate β function. All the results are listed as below:
z2 = 1−
g2
8π2
C2ξ
1
2
(ln
M2c
µ2s
− γω)
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z3 = 1 + [
g2
16π2
(
13
3
− ξ)C1 −
g2
6π2
NfT2]
1
2
(ln
M2c
µ2s
− γω)
z˜3 = 1 +
g2
16π2
C1(
3
2
−
ξ
2
)
1
2
(ln
M2c
µ2s
− γω)
z1F = 1−
g2
8π2
[(
3
4
+
ξ
4
)C1 + ξC2]
1
2
(ln
M2c
µ2s
− γω)
z˜1 = 1−
g2
16π2
ξC1
1
2
(ln
M2c
µ2s
− γω)
z1 = 1 + [
g2
12π2
(
17
8
−
9
8
ξ)C1 −
g2
6π2
NfT2]
1
2
(ln
M2c
µ2s
− γω)
z4 = 1− [
g2
24π2
(−2 + 3ξ)C1 +
g2
6π2
NfT2]
1
2
(ln
M2c
µ2s
− γω)
It is straight forward to verify explicitly the Ward-Takahaski-Slavnov-Taylor identities:
zg =
z1F
z
1/2
3 z2
=
z˜1
z
1/2
3 z˜3
=
z1
z
3/2
3
=
z
1/2
4
z3
(72)
which leads to the gauge independent renormalization constant for the gauge coupling constant g = z−1g g0
zg = 1− (
11
48π2
C1 −
1
12π2
NfT2)g
2 1
2
(ln
M2c
µ2s
− γω) (73)
In the loop regularization method, the energy scale µs plays the role of the sliding energy scale. According to the
definition of β function, we obtain the one-loop β function:
β(g) =△ lim
Mc→∞
µs
∂
∂µs
g |g0,m0
= lim
Mc→∞
gµs
∂
∂µs
lnzg |g0,m0
≃ gµs
∂
∂µs
[(
11
48π2
C1 −
1
12π2
NfT2)g
2 1
2
(ln
M2c
µ2s
− γω)]
≃ g3µs(
11
48π2
C1 −
1
12π2
NfT2)
−1
µs
= −
g3
(4π)2
(
11
3π2
C1 −
4
3π2
NfT2) (74)
which agrees with the well-known result obtained by using dimesional regularization. It is noticed that a simple
corresponding for the logarithmic divergences between the loop regularization method and dimensional regularization
scheme is
2
ε
←→ ln
M2c
µ2s
(75)
with ε→ 0 and Mc →∞.
V. CONCLUSION
We have performed a complete calculation for all one loop diagrams of non-Abelian gauge theory by using the loop
regularization method[1, 2] and provided an explicit check for the consistency of loop regularization method from the
Ward-Takahaski-Slavnov-Taylor identities satisfied among the renormalization constants. It has been shown that the
loop regularization method can lead to a consistent β function.
From above explicit calculations, the conclusions stated in [1, 2] become manifest that the loop regularization
method preserves not only non-Abelian gauge symmetry, but also Lorentz and translational symmetries though the
existence of two energy scales Mc and µs introduced intrinsically in this method. As the scales Mc and µs play
15
the role of ultraviolet divergent cutoff and infrared divergent cutoff respectively, the loop regularization method
can deal with both the ultraviolet and infrared divergences. The existence of two energy scales also makes the loop
regularization to maintain the divergent behavior of original theories, while the quadratic divergences in gauge theories
are found to cancel each other as the loop regularization preserves gauge symmetry. Thus both loop regularization
and dimensional regularization lead to the same renormalization constants for gauge theories with making a simple
replacement between lnMc/µs and 1/ε. The possible distinguishable properties between loop regularization and
dimensional regularization may occur for treating chiral field theories with anomaly action concerning the γ5 matrix
[16, 17], and for deriving effective field theories with dynamically generated spontaneous symmetry breaking[15] as
well as for applying to supersymmetric theories involving the exact dimension[32]. Finally, we would like to point
out that the renormalization scheme dependence is not involved in our present consideration as our computation
for the renormalization constants is only at the one loop level and our focus in this note is mainly on the check of
Ward-Takahaski-Slavnov-Taylor identities among the renormalization constants. It is interesting to see that the loop
regularization method generally allows one to make on-shell renormalization prescription due to the existence of the
energy scale µs which plays the role of infrared cutoff and sliding energy scale, such a feature may provide a practical
way for reducing the renormalization scheme dependence, which is worthwhile to be further investigated elsewhere.
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APPENDIX A: SOME USEFUL FORMULAE OF COMPACT SIMPLE LIE GROUP
In this appendix, we shall present some useful formulae about the structure constants and the traces of the repre-
sentation matrices for Lie group.
For compact simple Lie group, one can choose the killing form of group to be in proportion to a unit matrix, then
the Lie algebras satisfy the following identities:
Tr(T aT b) = T2δ
ab; [T a, T b] = ifabcT c; (A1)
fabdfdce + f bcdfdae + f cadfdbe = 0; (A2)
fabcfdbc = C1δ
ad; T aT a = C2I; (A3)
where fabc = −iT−12 tr(T
aT bT c−T bT aT c) is completely antisymmetric, and T a are group generators in fundamental
representation. Using the above relations, one can easily prove the following relations:
fanmf bmpf cpn =
1
2
C1f
abc, T aT bT a = (C2 −
1
2
C1)T
b
T abcd + T abdc + T acdb + T adcb − 2T acbd − 2T adbc = T2(f
adlf bcl + faclf bdl)
F abcd − 2F acbd + F abdc =
1
2
C1(f
adlf bcl + faclf bdl)
where T abcd≡Tr(T aT bT cT d) with T abcd = T cycle, and F abcd≡faeff bfgf cghfdhe with F abcd = F cycle = F inverse
APPENDIX B: FEYNMAN RULES FOR GAUGE THEORY
L = ψ¯n(iγ
µDµ −m)ψn −
1
4
F aµνF
aµν −
1
2ξ
(∂µAaµ)
2 + ∂µc¯a(∂µδ
ac + gfabcAbµ)c
c
(B1)
16
a, µ
a b
a, µ b, ν
= iδ
ab
p2+iǫ
= −iδ
ab
p2+iǫ[gµν + (ξ − 1)
kµkν
k2 ]
= igγµT a
= ip/−m+iǫ
k
a, µ
b c
p
a, µ
qp
b, ν c, ρ
a, µ b, ν
c, ρ d, σ
= gf acbpµ
= gf abc[gµν(k − p)ρ + gνρ(p− q)µ + gρµ(q − k)ν]
= −ig2[f abef cde(gµρgνσ − gµσgνρ)+
f acef bde(gµνgρσ − gµσgνρ) + f adef bce(gµνgρσ − gµρgνσ)]
APPENDIX C: CALCULATION OF RENORMALIZATION CONSTANTS IN LOOP REGULARIZATION
1. fermion self-energy diagram
There is only one diagram which contribute to the one-loop renormalization for the fermion fields strength as shown
in Fig.2.
→ p p + k
←
k
(ν, b) (µ, a)
Fig.2.
Following the Feynman rules given in Appendix B, we write down the Feynman integral corresponding to this diagram
(for simplification we will ignore the iǫ prescription in the propagators throughout this paper, this dose not make any
confusion if we keep the prescription in mind):
L(2) =
∫
d4k
(2π)4
(igγµTa)
i
(p/+ k/)−m
−iδab
k2
[gµν + (ξ − 1)
kµkν
k2
](igγνT
a)
=
∫
d4k
(2π)4
(−g2T aT bδab)γµ
p/+ k/+m
(p+ k)2 −m2
γν
1
k2
[gµν + (ξ − 1)
kµkν
k2
]
= (−g2C2)
∫
d4k
(2π)4
γµ
p/+ k/+m
(p+m)2 −m2
γν(
gµν
k2
+
(ξ − 1)kµkν
k4
) (C1)
we now apply the Feynman parameter method to the denominators in the integral in order to squeeze those denomi-
nator factors into a single quadratic polynomial in k. Then we can get:
L(2) = (−g2C2)
∫ 1
0
dx1
∫
d4k
(2π)4
γµ(p/+ k/+m)γν(
Γ(2)gµν
Γ(1)Γ(1)[(1− x1)((p+ k)2 −m2) + x1k2]2
+
Γ(3)x1(ξ − 1)k
µkν
Γ(1)Γ(2)[(1− x1)((p+ k)2 −m2) + x1k2]3
)
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= (−g2C2)
∫ 1
0
dx1
∫
d4k
(2π)4
γµ(p/+ k/+m)γν(
gµν
(k2 −M22 )
2
+
2x1(ξ − 1)(k − (1− x1)p)
µ(k − (1 − x1)p)
ν
(k2 −M22 )
3
) (C2)
where we have shifted the integrating variable by a constant to complete the square in the denominators and have
introduced the notation M22 ≡ (1− x1)m
2 − x1(1 − x1)p
2. Then the divergent part can be extracted to be:
L(2)div = (−g
2C2)
∫ 1
0
dx1
∫
d4k
(2π)4
(
gµνγµ(x1p/+m)γν
(k2 −M22 )
2
+
2x1(ξ − 1)k
µkνγµ(x1p/+m)γν
(k2 −M22 )
3
+
2x1(ξ − 1)(1− x1)(−k
µpν − kµpµ)γµk/γν
(k2 −M22 )
3
)
= (−g2C2)
∫ 1
0
dx1[(−2x1p/+ 4m)I0 + 2γµ(x1p/+m)γνx1(ξ − 1)I
µν
0 +
2x1(x1 − 1)(ξ − 1)γµγαγν(p
µIαν0 + p
νIαµ0 )] (C3)
It is seen that the Feynman integral can be expressed in terms of 1-fold ILIs I0 and I
µν
0 . To regularize this Feynman
integral we only need apply the loop regularization prescription to the relevant ILIs. We mention that the explicit
forms of all the regularized ILIs have been worked out in [1, 2], what we need here is to use the relation for the
regularized ILIs: IR0µν =
1
4
gµνI
R
0 . As a consequence, the regularized divergent parts of the Feynman diagram can be
expressed only in term of the regularized scalar divergent ILIs IR0
L(2)Rdiv = (−g
2C2)
∫ 1
0
dx1{[x1(3x1 − 4)(ξ − 1)− 2x1]p/+ [2x1(ξ − 1) + 4]m}I
R
0 (C4)
2. gluon self-energy diagram
There are four gluon self-energy diagrams as shown in Fig.1, which have been evaluated in [1, 2], the results read:
LabRµν = g
2δab(p2gµν − pµpν)
∫ 1
0
dx{C1[1 + 4x(1− x) +
1
2
(1− ξ)]IR0
−NfT28x(1− x)I
R
0 (m)− 4C1(1 − ξ)[1−
1
8
(1− ξ)]x(1 − x)p2IR−2} (C5)
3. ghost self-energy diagram
There is only one diagram which contributes to the one-loop renormalization of the ghost fields strength as shown
in Fig.3.
→ p p + k
←
k
(ν, b)
c e
(µ, a)
f d
Fig.3.
L(3)cd =
∫
d4k
(2π)4
(gfadfpµ)
iδef
(p+ k)2
−iδab
k2
[gµν + (ξ − 1)
kµkν
k2
](gf bec(p+ k)ν)
= −C1g
2δcd
∫
d4k
(2π)4
pµ
1
(p+ k)2
[
gµν
k2
+ (ξ − 1)
kµkν
k4
](pν + kν)
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= −C1g
2δcd
∫
d4k
(2π)4
[
p2 + ξpµk
µ
(p+ k)2k2
+ (ξ − 1)
pµpνk
µkν
(p+ k)2k4
]
= −C1g
2δcd
∫ 1
0
dx
∫
d4k
(2π)4
[
Γ(2)
Γ(1)Γ(1)
p2 + ξpµk
µ
((1− x)(p+ k)2 + xk2)2
+ (ξ − 1)
Γ(3)
Γ(1)Γ(2)
xpµpνk
µkν
((1 − x)(p+ k)2 + xk2)3
]
= −C1g
2δcd
∫ 1
0
dx
∫
d4k
(2π)4
[
p2 + ξpµ(k − (1− x)p)
µ
(k2 −M23 )
2
+
2x(ξ − 1)pµpν(k − (1− x)p)
µ(k − (1− x)p)ν
(k2 −M23 )
3
] (C6)
where we have introduced the notation M23 = −x(1− x)p
2. Thus the divergent part can be found to be:
L(3)cddiv = −C1g
2δcd
∫ 1
0
dx
∫
d4k
(2π)4
[
(1− ξ(1 − x))p2
(k2 −M23 )
2
+
2x(ξ − 1)pµpνk
µkν
(k2 −M23 )
3
]
= −C1g
2δcd
∫ 1
0
dx
∫
d4k
(2π)4
[(1− ξ(1 − x))p2I0 + 2x(ξ − 1)pµpνI
µν
0 ] (C7)
Applying for the relation IR0µν =
1
4
gµνI
R
0 , all the divergent parts can be expressed in term of I
R
0 and given by
L(3)cdRdiv = −C1g
2δcd
∫ 1
0
dx
∫
d4k
(2π)4
(x− (1−
3
2
x)(ξ − 1))p2IR0 (C8)
4. fermion-gluon vertex renormalization
Two diagrams including their permutation can contribute to the one-loop renormalization of fermion-gluon vertex.
Let’s begin with the calculation for Fig.4a.
(µ, a)
→
p1 (ρ, b) p2(σ, c)k
Fig.4a.
L(4a)aµ =
∫
d4k
(2π)4
(igγσT
c)
i
p/2 − k/−m
(igγµT
a)
i
p/1 − k/−m
(igγρT
b)
−iδbc
k2
[gρσ + (ξ − 1)
kρkσ
k2
]
= g3T bT aT b
∫
d4k
(2π)4
γσ
p/2 − k/ +m
(p2 − k)2 −m2
γµ
p/1 − k/ +m
(p1 − k)2 −m2
γρ
1
k2
[gρσ + (ξ − 1)
kρkσ
k2
]
= g3(C2 −
1
2
C1)T
a
∫
d4k
(2π)4
γσ(p/2 − k/ +m)γµ(p/1 − k/ +m)γρ
k2[(p2 − k)2 −m2][(p1 − k)2 −m2]
[gρσ + (ξ − 1)
kρkσ
k2
]
= g3(C2 −
1
2
C1)T
a
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
{
Γ(3)
Γ(1)3
γρ(p/2 − k/+m)γµ(p/1 − k/ +m)γρ
{(1− x1)k2 + (x1 − x2)[(p2 − k)2 −m2] + x2[(p1 − k)2 −m2]}3
+
Γ(4)
Γ(2)Γ(1)2
(1− x1)(ξ − 1)k
ρkσγσ(p/2 − k/ +m)γµ(p/1 − k/ +m)γρ
{(1− x1)k2 + (x1 − x2)[(p2 − k)2 −m2] + x2[(p1 − k)2 −m2]}4
}
= g3(C2 −
1
2
C1)T
a
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
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{
1
(k2 −M24a)
3
[2γρ(k/+ (x1 − x2 − 1)p/2 + x2p/1 −m)γµ(k/ + (x1 − x2)p/2 + (x2 − 1)p/1 −m)γρ]
+
1
(k2 −M24a)
4
[6(1− x1)(ξ − 1)(k + (x1 − x2)p2 + x2p1)
ρ(k + (x1 − x2)p2 + x2p1)
σγσ
(k/ + (x1 − x2 − 1)p/2 + x2p/1 −m)γµ(k/ + (x1 − x2)p/2 + (x2 − 1)p/1 −m)γρ]} (C9)
with definition: M24a = −(x1 − x2)(1− x1 + x2)p
2
2 + x2(1− x2)p
2
1 − 2x2(x1 − x2)p1·p2 − x1m
2, and the divergent part
is found to be:
L(4a)aµ;div = g
3(C2 −
1
2
C1)T
a
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
[2
γρk/γµk/γρ
(k2 −M24a)
3
+6(1− x1)(ξ − 1)
k/k/γµk/k/
(k2 −M24a)
4
]
= g3(C2 −
1
2
C1)T
a
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
[2
−4kµkαγ
α + 2k2γµ
(k2 −M24a)
3
+6(1− x1)(ξ − 1)
k4γµ
(k2 −M24a)
4
]
∼ g3(C2 −
1
2
C1)T
a
∫ 1
0
dx1
∫ x1
0
dx2[−8γ
αI0µα + 4γµI0 + 6(1− x1)(ξ − 1)γµI0] (C10)
By adopting the relation IR0µν =
1
4
gµνI
R
0 the divergent parts can be expressed in term of I
R
0
L(4a)aRµ;div = g
3(C2 −
1
2
C1)T
a
∫ 1
0
dx1
∫ x1
0
dx2[2 + 6(1− x1)(ξ − 1)]γµI
R
0 (C11)
k3k2
↓ k1, (µ, a)
p1 p2
ν, b λ, c
ρ, d σ, e
k
Fig.4b.
The second diagram (Fig.4b) that contributes to the fermion-gluon vertex has the following form
L(4b)aµ =
∫
d4k
(2π)4
(igγσT
e)
i
k/ −m
(igγρT
d)
−iδec
k23
[gσλ + (ξ − 1)
kσ3 k
λ
3
k23
]×
gfabc[(k1 − k2)λgµν + (k2 − k3)µgνλ + (k3 − k1)νgµλ]
−iδbd
k22
[gνρ + (ξ − 1)
kν2k
ρ
2
k22
]
=
1
2
g3C1T
a
∫
d4k
(2π)4
γσ
k/ +m
k2 −m2
γρ[
gσλ
k23
+ (ξ − 1)
kσ3 k
λ
3
k43
]×
[(k1 − k2)λgµν + (k2 − k3)µgνλ + (k3 − k1)νgµλ][
gνρ
k22
+ (ξ − 1)
kν2k
ρ
2
k42
]
=
1
2
g3C1T
a
∫
d4k
(2π)4
γσ
k/ +m
k2 −m2
γρ[(k1 − k2)λgµν + (k2 − k3)µgνλ + (k3 − k1)νgµλ]×
[
gσλgνρ
k23k
2
2
+ (ξ − 1)
gσλkν2k
ρ
2
k23k
4
2
+ (ξ − 1)
gνρkσ3 k
λ
3
k43k
2
2
+ (ξ − 1)2
kσ3 k
λ
3k
ν
2k
ρ
2
k43k
4
2
]
=
1
2
g3C1T
a
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
γσ(k/ +m)γρ[(k1 − k2)λgµν + (k2 − k3)µgνλ + (k3 − k1)νgµλ]×
20
[
Γ(3)
Γ(1)3
gσλgνρ
[(1− x1)(k2 −m2) + (x1 − x2)k23 + x2k
2
2 ]
3
+
+(ξ − 1)
Γ(4)
Γ(1)2Γ(2)
x2g
σλkν2k
ρ
2
[(1− x1)(k2 −m2) + (x1 − x2)k23 + x2k
2
2 ]
4
+(ξ − 1)
Γ(4)
Γ(1)2Γ(2)
(x1 − x2)g
νρkσ3 k
λ
3
[(1− x1)(k2 −m2) + (x1 − x2)k23 + x2k
2
2 ]
4
+
+(ξ − 1)2
Γ(5)
Γ(1)Γ(2)2
(x1 − x2)x2k
σ
3 k
λ
3k
ν
2k
ρ
2
[(1− x1)(k2 −m2) + (x1 − x2)k23 + x2k
2
2 ]
5
]
(C12)
Introducing the notation M24b = −(x1 − x2)(1− x1 + x2)p
2
2 + x2(1− x2)p
2
1 − 2x2(x1 − x2)p1·p2 − x1m
2, the divergent
part can be written down as follows:
L(4b)aµ;div =
1
2
g3C1T
a
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
γσk/γρ(kλgµν − 2kµgνλ + kνgµλ)×
[
2gσλgνρ
(k2 −M24b)
3
+ (ξ − 1)
6x2g
σλkνkρ
(k2 −M24b)
4
+ (ξ − 1)
6(x1 − x2)g
νρkσkλ
(k2 −M24b)
4
+ (ξ − 1)2
24(x1 − x2)x2k
σkλkνkρ
(k2 −M24b)
5
]
=
1
2
g3C1T
a
∫ 1
0
dx1
∫ x1
0
dx2[2γ
λγαγµI0αλ + 2γµγ
αγνI0αν − 4γ
λγαγλI0αµ + 6x2(ξ − 1)γ
λγαγρI0αρλµ
−12x2(ξ − 1)γ
λγαγρI0αρλµ + 6x2(ξ − 1)γµγ
αγρI0αρ + 6(x1 − x2)(ξ − 1)γ
σγαγµI0ασ
−12(x1 − x2)(ξ − 1)γ
σγαγνI0ασµν + 6(x1 − x2)(ξ − 1)γ
σγαγνI0ασµν + 0]
= g3C1T
a
∫ 1
0
dx1
∫ x1
0
dx2[4γ
αI0αµ + (3(x1 − x2)(ξ − 1) + 1)γ
λγσγµI0λα +
+(3x2(ξ − 1) + 1)γµγ
λγαI0λα − 3x1(ξ − 1)γ
αγσγρI0ασρµ] (C13)
Using the relations IR0µν =
1
4
gµνI
R
0 and I
R
0ρσαβ =
1
24
(gρσgαβ+gραgσβ+gρβgσα)I
R
0 , the divergent parts can be simplified
to be
L(4b)aRµ;div = g
3C1T
aγµ
∫ 1
0
dx1
∫ x1
0
dx2[3 +
9
4
x1(ξ − 1)]I
R
0 (C14)
5. ghost-gluon vertex renormalization
There are two diagrams which contribute to the one-loop renormalization of the ghost-gluon vertex. Let’s consider
the first diagram (Fig.5a)
µ, a
p1, b b c, p2c
e f
d
ν,m
g
λ, n→ k
Fig.5a.
L(5a)acbµ =
∫
d4k
(2π)4
(gfncgp2λ)
iδfg
(p2 − k)2
(gfafe(p2 − k)µ)
iδed
(p1 − k)2
(gfmdb(p1 − k)ν)
−iδmn
k2
[gνλ + (ξ − 1)
kνkλ
k2
]
21
= −
i
2
g3C1f
acb
∫
d4k
(2π)4
p2λ
(p2 − k)µ
(p2 − k)2
(p1 − k)ν
(p1 − k)2
[
gνλ
k2
+ (ξ − 1)
kνkλ
k4
]
= −
i
2
g3C1f
acb
∫
d4k
(2π)4
[
(p1·p2)p2µ − (p1·p2)kµ − ξp
ν
2p2µkν + ξp
ν
2kµkν
(p2 − k)2(p1 − k)2k2
+
+(ξ − 1)
p2λp2µp1νk
νkλ − p2λp1νkµk
νkλ
(p2 − k)2(p1 − k)2k4
]
= −
i
2
g3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
[
Γ(3)
Γ(1)3
(p1·p2)p2µ − (p1·p2)kµ − ξp
ν
2p2µkν + ξp
ν
2kµkν
[(1 − x1)(p2 − k)2 + (x1 − x2)(p1 − k)2 + x2k2]3
+
+(ξ − 1)
Γ(4)
Γ(1)Γ(1)Γ(2)
x2(p2λp2µp1νk
νkλ − p2λp1νkµk
νkλ)
[(1− x1)(p2 − k)2 + (x1 − x2)(p1 − k)2 + x2k2]4
] (C15)
Taking the notation M25a = −(1− x1)x1p
2
2 + (x1 − x2)(1− x1 + x2)p
2
1 − 2(1− x1)(x1 − x2)p1·p2, the divergent part is
given by
L(5a)acbµ;div = −
i
2
g3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
2ξpν2kµkν
(k2 −M25a)
3
= −
i
2
g3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx22ξp
ν
2I0µν (C16)
with the relation IR0µν =
1
4
gµνI
R
0 , the divergent part is simply given by
L(5a)acbRµ;div = −
i
2
g3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx2
1
2
ξp2µI
R
0 (C17)
We now evaluate the second diagram (fig.5b) which contributes to the ghost-gluon vertex as:
k3k2
↓ k1, (µ, a)
p1 b c p2
ν, d λ, e
ρ,m
i
σ, n
jk
Fig.5b.
L(5b)acbµ =
∫
d4k
(2π)4
(gfncjp2σ)
−iδen
k23
[gλσ + (ξ − 1)
kλ3 k
σ
3
k23
](gfade)[(k1 − k2)λgµν + (k2 − k3)µgνλ + (k3 − k1)νgλµ]
−iδdm
k22
[gρν + (ξ − 1)
kρ2k
ν
2
k22
]
iδij
k2
(gfmibkρ)
= −
i
2
g3C1f
acb
∫
dk
p2σkρ
k2
[
gλσ
k23
+ (ξ − 1)
kλ3k
σ
3
k43
][
gρν
k22
+ (ξ − 1)
kρ2k
ν
2
k42
]×
[(k1 − k2)λgµν + (k2 − k3)µgνλ + (k3 − k1)νgλµ]
= −
i
2
g3C1f
acb
∫
dk[(k1 − k2)λgµν + (k2 − k3)µgνλ + (k3 − k1)νgλµ]×
∫ 1
0
dx1
∫ x1
0
dx2
[
Γ(3)
Γ(1)3
p2σkρg
λσgρν
[(1 − x1)k2 + (x1 − x2)k22 + x2k
2
3 ]
3
+
Γ(4)
Γ(1)2Γ(2)
x2(ξ − 1)p2σkρk
λ
3 k
σ
3 g
ρν
[(1− x1)k2 + (x1 − x2)k22 + x2k
2
3 ]
4
+
Γ(4)
Γ(1)2Γ(2)
(x1 − x2)(ξ − 1)p2σkρk
ρ
2k
ν
2g
λσ
[(1− x1)k2 + (x1 − x2)k22 + x2k
2
3 ]
4
+
Γ(5)
Γ(1)Γ(2)2
x2(x1 − x2)(ξ − 1)
2p2σkρk
λ
3k
σ
3 k
ρ
2k
ν
2
[(1− x1)k2 + (x1 − x2)k22 + x2k
2
3 ]
5
]
(C18)
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Introducing the notation M25b = −(x1− x2)(1− x1 + x2)p
2
1 + x2(1− x2)p
2
2− 2x2(x1 − x2)p1·p2, the divergent part can
be expressed as:
L(5b)acbµ;div = −
i
2
g3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
[kλgµν − 2kµgνλ + kνgλµ][
2p2σkρg
λσgρν
(k2 −M25b)
3
+
6x2(ξ − 1)p2σkρk
λkσgρν
(k2 −M25b)
4
+
6(x1 − x2)(ξ − 1)p2σkρk
ρkνgλσ
(k2 −M25b)
4
+
24x2(x1 − x2)(ξ − 1)
2p2σkρk
ρkνkλkσ
(k2 −M25b)
5
]
= −
i
2
g3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
[
−2pσ2kσkµ
(k2 −M25b)
3
+
2p2µ
(k2 −M25b)
3
+ 0 +
−6(x1 − x2)(ξ − 1)p
σ
2kσkµ
(k2 −M25b)
3
+
6(x1 − x2)(ξ − 1)p2µ
(k2 −M25b)
3
+ 0]
= −ig3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx2[(3(x2 − x1)(ξ − 1)− 1)p
σ
2I0σµ + (−3(x2 − x1)(ξ − 1) + 1)p2µI0] (C19)
with the relation IR0µν =
1
4
gµνI
R
0 , all the divergent parts can be expressed in term of I
R
0
L(5b)acbRµ;div = −
3i
4
g3C1f
acb
∫ 1
0
dx1
∫ x1
0
dx2(3(x1 − x2)(ξ − 1) + 1)p2µI
R
0 (C20)
6. three-gluon vertex renormalization
Four diagrams including their permutation graphs can contribute to the one-loop renormalization of three-gluon
vertex, let’s evaluate each of them. We begin with the first graph (Fig.6a)
↓ k1, (µ, a)
→
k2, (ν, b)
←
k3, (λ, c)k
+ another permutation graph
Fig.6a.
which is calculated via the following form
L(6a)abcµνλ = −Tr
∫
d4k
(2π)4
igγµT
a 1
k/ + k/2 −m
igγνTb
i
k/ −m
igγλT
c i
k/ − k/3 −m
−− Tr
∫
d4k
(2π)4
igγµT
a 1
−k/+ k/3 −m
igγνTb
i
1k/−m
igγλT
c i
−k/− k/2 −m
= −[Tr(T aT bT c) + Tr(T aT cT b)]
∫
d4k
(2π)4
tr(igγµ
1
k/+ k/2 −m
igγν
i
k/ −m
igγλ
i
k/− k/3 −m
)
= −Tr(ifabdT
dT c)
∫
d4k
(2π)4
(−g3)
tr[γmu(k/ + k/2 +m)γν(k/ +m)γλ(k/ − k/3 −m)]
[(k + k+2)2 −m2][k2 −m2][(k − k3)2 −m2]
= ig3fgbcT2
∫
d4k
(2π)4
∫ 1
0
dx1
∫ x1
0
dx2
Γ(3)
Γ(1)3
tr[γmu(k/ + k/2 +m)γν(k/ +m)γλ(k/ − k/3 −m)]
{(k2 −m2)(1 − x1) + [(k + k+2)2 −m2](x1 − x2) + [(k − k3)2 −m2]x2}3
= 2ig3fabcT2
∫
d4k
(2π)4
∫ 1
0
dx1
∫ x1
0
dx2
Γ(3)
Γ(1)3
23
tr[γmu(k/ + k/2 +m)γν(k/ +m)γλ(k/ − k/3 −m)]
[(k + (x1 − x2)k2 − x2k3)2 −m2 + (x1 − x2)(1 − x1 + x2)k22 + x2(1 − x2)k
2
3 ]
3
= 2ig3fabcT2
∫
d4k
(2π)4
∫ 1
0
dx1
∫ x1
0
dx2
1
(k2 −M26a)
3
×
tr[γµ(k/ − (x1 − x2)k/2 + x2k/3 + k/2 +m)γν(k/ − (x1 − x2)k/2 + x2k/3 +m)
γλ(k/ − (x1 − x2)k/2 + x2k/3 − k/3 −m)] (C21)
with M26a = m
2 − (x1 − x2)(1 − x1 + x2)k
2
2 − x2(1 − x2)k
2
3 . The divergent part is given by
L(6a)abcµνλ;div = 2ig
3fabcT2
∫
d4k
(2π)4
∫ 1
0
dx1
∫ x1
0
dx2
1
(k2 −M26a)
3
×
tr[γµk/γνk/γλ(−(x1 − x2)k/2 + x2k/3 − k/3 +m) +
+γµk/γν(−(x1 − x2)k/2 + x2k/3 +m)γλk/ +
+γµ(−(x1 − x2)k/2 + x2k/3 + k/2 +m)γνk/γλk/]
= 2ig3fabcT2
∫
d4k
(2π)4
∫ 1
0
dx1
∫ x1
0
dx2
1
(k2 −M26a)
3
[(x2 − x1)tr(γµk/γνk/γγk/2) +
+(x2 − 1)tr(γµk/γνk/γγk/3) + (x2 − x1)tr(γµk/γνk/2γγk/) + x2tr(γµk/γνk/3γγk/) +
+(x2 − x1 + 1)tr(γµk/2γνk/γγk/) + x2tr(γµk/3γνk/γγk/)]
= 2ig3fabcT2
∫
d4k
(2π)4
∫ 1
0
dx1
∫ x1
0
dx2
1
(k2 −M26a)
3
[4(−x1 + x2 + 1)(2k2µkνkλ +
+2kµk2νkλ + k2λgµνk
2 − k2µgνλk
2 − k2νgµλk
2 − 2kλgµνk·k2) + x2(2k3µkνkλ +
+2kµk3νkλ + k3λgµνk
2 − k3µgνλk
2 − k3νgµλk
2 − 2kλgµνk·k3) +
+(x2 − x1)(2k2νkλkµ + 2kνk2λkµ + k2µgνλk
2 − k2νgλµk
2 − k2λgνµk
2 − 2kµgνλk·k2) +
+x2(2k3νkλkµ + 2kνk3λkµ + k3µgνλk
2 − k3νgλµk
2 − k3λgνµk
2 − 2kµgνλk·k3) +
+(x2 − x1)(2k2λkµkν + 2kλk2µkν + k2νgλµk
2 − k2λgµνk
2 − k2µgλνk
2 − 2kνgλµk·k2) +
+(x2 − 1)(2k3λkµkν + 2kλk3µkν + k3νgλµk
2 − k3λgµνk
2 − k3µgλνk
2 − 2kνgλµk·k3)]
with the relation IR0µν =
1
4
gµνI
R
0 , all the divergent parts can be expressed in term of I
R
0 . The result is given by
L(6a)abcRµνλ;div = 2ig
3fabcT2
∫ 1
0
dx1
∫ x1
0
dx2I
R
0 [4(−x1 + x2 + 1)(
1
2
k2µgνλ +
+
1
2
k2νgµλ + k2λgµν − k2µgνλ − k2νgµλ −
1
2
k2λgµν) + x2(
1
2
k3µgνλ +
+
1
2
k3νgµλ + k3λgµν − k3µgνλ − k3νgµλ −
1
2
k3λgµν) +
+(x2 − x1)(
1
2
k2νgλµ +
1
2
k2λgνµ + k2µgνλ − k2νgλµ − k2λgνµ −
1
2
k2µgνλ) +
+x2(
1
2
k3νgλµ +
1
2
k3λgνµ + k3µgνλ − k3νgλµ − k3λgνµ −
1
2
k3µgνλ) +
+(x2 − x1)(
1
2
k2λgµν +
1
2
k2µgλν + k2νgλµ − k2λgµν − k2µgλν −
1
2
kνgλµ) +
+(x2 − 1)(
1
2
k3λgµν +
1
2
k3µgλν + k3νgλµ − k3λgµν − k3µgλν −
1
2
k3νgλµ)]
(C22)
The second diagram (Fig.6b) has the following form
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↓ k1, (µ, a)
→
k2, (ν, b)
←
k3, (λ, c)
m n
q
p
r
sk
+ another permutation graph
Fig.6b.
L(6b)abcµνλ = −
∫
d4k
(2π)4
gfanm(k − k3)µ
iδmq
(k + k2)2
gf bqp(k + k2)ν
iδps
k2
gf csrkλ
iδrn
(k − k3)2
−
∫
d4k
(2π)4
gfanm(k − k2)µ
iδmq
(k + k3)2
gf cqp(k + k3)λ
iδps
k2
gf bsrkν
iδrn
(k − k2)2
= ig3fanmf bmpf cpn
∫
d4k
(2π)4
(k − k3)µ(k + k2)νkλ
(k + k2)2k2(k − k3)2
+ (k2→k3, ν → λ, b→c)
= ig3fanmf bmpf cpn
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
Γ(3)
Γ(1)3
(k − k3)µ(k + k2)νkλ
[(1− x1)(k + k2)2 + (x1 − x2)k2 + x2(k − k3)2]3
+(k2→k3, ν → λ, b→c)
= 2ig3fanmf bmpf cpn
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
(k − k3)µ(k + k2)νkλ
{[k + (1− x1)k2 − x2k3]2 + x1(1− x1)k22 + x2(1− x2)k
2
3}
3
+(k2→k3, ν → λ, b→c)
= 2ig3fanmf bmpf cpn
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
[k − (1− x1)k2 − (1− x2)k3]µ(k + x1k2 + x2k3)ν [k − (1− x1)k2 + x2k3]λ
(k2 −M26b)
3
+(k2→k3, ν → λ, b→c)
(C23)
with M26b = −x1(1− x1)k
2
2 − x2(1− x2)k
2
3 . The divergent part is found to be
L(6b)abcµνλ;div = 2ig
3fanmf bmpf cpn
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
kµkν [−(1− x1)k2 + x2k3]λ + kµkλ(x1k2 + x2k3)ν + kνkλ[−(1− x1)k2 − (1− x2)k3]µ
(k2 −M26b)
3
+(k2→k3, ν → λ, b→c)
= 2ig3fanmf bmpf cpn
∫ 1
0
dx1
∫ x1
0
dx2{[−(1− x1)k2 + x2k3]λI0µν(M
2
6b) + (x1k2 + x2k3)νI0µλ(M
2
6b)
+[−(1− x1)k2 − (1− x2)k3]µI0νλ(M
2
6b)}+ (k2→k3, ν → λ, b→c) (C24)
Taking the relation IR0µν =
1
4
gµνI
R
0 , we arrive at the result
L(6b)abcRµνλ;div = 2ig
3fanmf bmpf cpn
∫ 1
0
dx1
∫ x1
0
dx2
{[−(1− x1)k2 + x2k3]λ
1
4
gµν + (x1k2 + x2k3)ν
1
4
gµλ + [−(1− x1)k2 − (1− x2)k3]µ
1
4
gνλ}I
R
0 (M
2
6b)
+(k2→k3, ν → λ, b→c) (C25)
The third diagram (Fig.6c) is given by
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↓ k1, (µ, a)
→
k2, (ν, b)
←
k3, (λ, c)
α,m β, n
σ, q
ρ, p
γ, r
χ, s
←
k
Fig.6c.
L(6c)abcµνλ =
∫
d4k
(2π)4
gfamn[(k1 − k − k2)βgµα + (k + k2 − k3 + k)µgαβ + (k3 − k − k1)αgβµ]
−iδqmgσα
(k + k2)2
×gf bpq[(k2 − k)σgνρ + (k + k + k2)νgρσ + (−k − k2 − k2)ρgσν ]
−iδpsgρχ
k2
×gf crs[(k3 − k + k3)χgλγ + (k − k3 + k)λgγχ + (−k − k3)γgχλ]
−iδrngγβ
(k − k3)2
= (−ig)3famnf bpmf cnp
∫
d4k
(2π)4
[(k1 − k − k2)
γgµα + (k + k2 − k3 + k)µg
γ
α + (k3 − k − k1)αg
γ
µ]
×[(k2 − k)
αgνρ + (k + k + k2)νg
α
ρ + (−k − k2 − k2)ρg
α
ν ]
×[(k3 − k + k3)
ρgλγ + (k − k3 + k)λg
ρ
γ + (−k − k3)γg
ρ
λ]
×
1
(k + k2)2k2(k − k3)2
= (−ig)3(−
1
2
C1f
abc)
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
Γ(3)
Γ(1)3
1
[(1 − x1)(k + k2)2 + (x1 − x2)k2 + x2(k − k3)2]3
×[(k1 − k − k2)
γgµα + (k + k2 − k3 + k)µg
γ
α + (k3 − k − k1)αg
γ
µ]
×[(k2 − k)
αgνρ + (k + k + k2)νg
α
ρ + (−k − k2 − k2)ρg
α
ν ]
×[(k3 − k + k3)
ρgλγ + (k − k3 + k)λg
ρ
γ + (−k − k3)γg
ρ
λ]
= −iC1g
3fabc
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
1
{[k + (1− x1)k2 − x2k3]2 + x1(1− x1)k22 + x2(1− x2)k
2
3}
3
×[(k1 − k − k2)
γgµα + (k + k2 − k3 + k)µg
γ
α + (k3 − k − k1)αg
γ
µ]
×[(k2 − k)
αgνρ + (k + k + k2)νg
α
ρ + (−k − k2 − k2)ρg
α
ν ]×
[(k3 − k + k3)
ρgλγ + (k − k3 + k)λg
ρ
γ + (−k − k3)γg
ρ
λ]
= −iC1g
3fabc
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
1
(k2 −M26c)
3
×[(−k + (−1− x1)k2 + (−1− x2)k3)
γgµα + (2k + (−1 + 2x1)k2 + (−1 + 2x2)k3)µg
γ
α +
(−k + (2− x1)k2 + (2− x2)k3)αg
γ
µ]
×[(−k + (2− x1)k2 − x2k3)
αgνρ + (2k + (−1 + 2x1)k2 + 2x2k3)νg
α
ρ +
(−k + (−1− x1)k2 − x2k3)ρg
α
ν ]
×[(−k + (1− x1)k2 + (2− x2)k3)
ρgλγ + (2k + (−2 + 2x1)k2 + (−1 + 2x2)k3)λg
ρ
γ +
(−k + (1− x1)k2 + (−1− x2)k3)γg
ρ
λ]
(C26)
with M26c = −x1(1− x1)k
2
2 − x2(1− x2)k
2
3 . The divergent part reads:
L(6c)abcµνλ;div = −iC1g
3fabc
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
1
(k2 −M26c)
3
×
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{[−kαgνρ + 2kνg
α
ρ − kρg
α
ν ][−k
ρgλγ + 2kλg
ρ
γ − kγg
ρ
λ]× [((−1− x1)k2 + (−1− x2)k3)
γgµα
+((−1 + 2x1)k2 + (−1 + 2x2)k3)µg
γ
α + ((2 − x1)k2 + (2− x2)k3)αg
γ
µ] +
[−kγgµα + 2kµg
γ
α − kαg
γ
µ][−k
ρgλγ + 2kλg
ρ
γ − kγg
ρ
λ]×
[((2 − x1)k2 − x2k3)
αgνρ + ((−1 + 2x1)k2 + 2x2k3)νg
α
ρ + ((−1 − x1)k2 − x2k3)ρg
α
ν ] +
[−kγgµα + 2kµg
γ
α − kαg
γ
µ][−k
αgνρ + 2kνg
α
ρ − kρg
α
ν ]× [((1− x1)k2 + (2− x2)k3)
ρgλγ
+((−2 + 2x1)k2 + (−1 + 2x2)k3)λg
ρ
γ + ((1− x1)k2 + (−1− x2)k3)γg
ρ
λ]}
= −iC1g
3fabc
∫ 1
0
dx1
∫ x1
0
dx2
∫
d4k
(2π)4
1
(k2 −M26c)
3
×
{(kαkγgλν − 2k
αkλgνγ − kγkλg
α
ν − k
αkνgλγ − 2kνkγg
α
λ + 4kνkλg
α
γ + k
2gαν gγλ)× [((−1− x1)k2
+(−1− x2)k3)
γgµα + ((−1 + 2x1)k2 + (−1 + 2x2)k3)µg
γ
α + ((2 − x1)k2 + (2− x2)k3)αg
γ
µ] +
(−2kαkλg
ρ
µ − kαkµg
ρ
λ + 4kµkλg
ρ
α + k
ρkαgµλ − k
ρkλgµα − 2k
ρkµgαλ + k
2gρλgαµ)×
[((2 − x1)k2 − x2k3)
αgνρ + ((−1 + 2x1)k2 + 2x2k3)νg
α
ρ + ((−1 − x1)k2 − x2k3)ρg
α
ν ] +
(−kγkµgνρ + k
2gγµgνρ − 2k
γkνgµρ+ 4kµkνg
γ
ρ + k
γkρgµν − 2kµkρg
γ
ν − kνkρg
γ
µ)× [((1 − x1)k2
+(2− x2)k3)
ρgλγ + ((−2 + 2x1)k2 + (−1 + 2x2)k3)λg
ρ
γ + ((1 − x1)k2 + (−1− x2)k3)γg
ρ
λ]} (C27)
After adopting the relation IR0µν =
1
4
gµνI
R
0 , we arrive at the following result:
L(6c)abcRµνλ;div = −iC1g
3fabc
∫ 1
0
dx1
∫ x1
0
dx2I
R
0 (M
2
6c)×
{(
1
4
gαγgλν −
2
4
gαλgνγ −
1
4
gγλg
α
ν −
1
4
gαν gλγ −
2
4
gνγg
α
λ +
4
4
gνλg
α
γ + g
α
ν gγλ)× [((−1− x1)k2
+(−1− x2)k3)
γgµα + ((−1 + 2x1)k2 + (−1 + 2x2)k3)µg
γ
α + ((2− x1)k2 + (2− x2)k3)αg
γ
µ] +
(−
2
4
gαλg
ρ
µ −
1
4
gαµg
ρ
λ +
4
4
gµλg
ρ
α +
1
4
gραgµλ −
1
4
gρλgµα −
2
4
gρµgαλ + g
ρ
λgαµ)×
[((2 − x1)k2 − x2k3)
αgνρ + ((−1 + 2x1)k2 + 2x2k3)νg
α
ρ + ((−1− x1)k2 − x2k3)ρg
α
ν ] +
(−
1
4
gγµgνρ + g
γ
µgνρ −
2
4
gγνgµρ+
4
4
gµνg
γ
ρ +
1
4
gγρgµν −
2
4
gµρg
γ
ν −
1
4
gνρg
γ
µ)× [((1 − x1)k2
+(2− x2)k3)
ρgλγ + ((−2 + 2x1)k2 + (−1 + 2x2)k3)λg
ρ
γ + ((1− x1)k2 + (−1− x2)k3)γg
ρ
λ]} (C28)
Similarly, the fourth diagram (Fig.6d) is given:
↓ k1, (µ, a)
→
k2, (ν, b)
←
k3, (λ, c)
α,m β, n
ρ, p σ, q
↑k + other two permutation graphs
Fig.6d.
L(6d)abcµνλ =
1
2!
∫
d4k
(2π)4
gfamn[(k1 − k)βgµα + (k + k + k1)µgαβ + (−k − k1 − k1)αgβµ]
−iδmpgαρ
k2
−iδnqgβσ
(k + k1)2
×(−ig2)[fepqfecb(gρλgσν − gνρgλσ) + f
epcfebq(gνρgλσ − gρσgνλ) + f
epbfeqc(gρσgνλ − gρλgνσ)]
+permutation graphs
=
1
2
ig3fapq[fepqfecb(gρλgσν − gνρgλσ) + f
epcfebq(gνρgλσ − gρσgνλ) + f
epbfeqc(gρσgνλ − gρλgνσ)]
×
∫
d4k
(2π)4
[(k1 − k)
σgρµ + (k + k + k1)µg
ρσ + (−k − k1 − k1)
ρgσµ]
1
k2(k + k1)2
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+permutation graphs
=
i
2
g3C1f
abc[−(gρλgσν − gνρgλσ) +
1
2
(gνρgλσ − gρσgνλ) +
1
2
(gρσgνλ − gρλgνσ)]
∫ 1
0
dx1 ×
∫
d4k
(2π)4
Γ(2)
Γ(1)2
1
[(1− x1)k2 + x1(k + k1)2]2
[(k1 − k)
σgρµ + (k + k + k1)µg
ρσ + (−k − k1 − k1)
ρgσµ]
+permutation graphs
=
i
2
g3C1f
abc 3
2
(gνρgλσ − gρλgσν)
∫ 1
0
dx1
∫
d4k
(2π)4
1
[(k + x1k1)2 + x1(1− x1)k21 ]
2
×
[(k1 − k)
σgρµ + (k + k + k1)µg
ρσ + (−k − k1 − k1)
ρgσµ] + permutation graphs
=
3i
4
g3C1f
abc(gνρgλσ − gρλgσν)
∫ 1
0
dx1
∫
d4k
(2π)4
1
(k2 −M26d)
2
[(−k + (1 + x1)k1)
σgρµ
+(2k + (1− 2x1)k1)µg
ρσ + (−k + (−2 + x1)k1)
ρgσµ ] + permutation graphs (C29)
with M26d = −x1(1 − x1)k
2
1 . The finally result is simply given by
L(6d)abcRµνλ;div =
3i
4
g3C1f
abc(gνρgλσ − gρλgσν)
∫ 1
0
dx1I0(M
2
6d)[(1 + x1)k
σ
1 g
ρ
µ + (1− 2x1)k1µg
ρσ + (−2 + x1)k
ρ
1g
σ
µ]
+permutation graphs (C30)
7. four-gluon vertex renormalization
There are five diagrams which can contribute to four-gluon vertex renormalizaion. The first one (Fig.7a) is given
by:
→
k1, (µ, a)
←
k2, (ν, b)
←
k3, (λ, c)
→
k4, (ρ, d)
←kα, e
β, f γ, i
δ, j
ζ,m
η, nχ, p
ω, q
+2 permutations
Fig.7a.
L(7a)abcdµνλρ =
∫
d4k
(2π)4
gfaef [(k1 + k + k1)βgµα + (−k − k1 − k)µgαβ + (k − k1)αgβµ]
−iδfigβγ
k2
×
gf bij [(k2 + k)δgνγ + (−k − k + k2)νgγδ + (k − k2 − k2)γgδν ]
−iδjmgδζ
(k − k2)2
×
gf cmn[(k3 − k2 + k)ηgλζ + (k2 − k − k + k2 + k3)λgζη + (k − k2 − k3 − k3)ζgηλ]
−iδpngηχ
(k − k2 − k3)2
×
fdpq[(k4 + k + k1 + k4)ωgρχ + (−k − k1 − k4 − k − k1)ρgχω + (k + k1 − k4)χgωρ]
−iδqegωα
(k + k1)2
+2 permutations (C31)
its divergent part reads:
L(7a)abcdµνλρ;div =
∫
d4k
(2π)4
gfaef (kβgµα − 2kµgαβ + kαgβµ)
−iδfigβγ
k2
gf bij(kδgνγ − 2kνgγδ + kγgδν)
−iδjmgδζ
(k − k2)2
×
28
gf cmn(kηgλζ − 2kλgζη + kζgηλ)
−iδpngηχ
(k − k2 − k3)2
fdpq(kωgρχ − 2kρgχω + kχgωρ)
−iδqegωα
(k + k1)2
+2 permutations
= (−ig)4faeff bfjf cjnfdne
∫
d4k
(2π)4
×
(kγgµα − 2kµg
γ
α + kαg
γ
µ)(k
ζgνγ − 2kνg
ζ
γ + kγg
ζ
ν)(k
χgλζ − 2kλg
χ
ζ + kζg
χ
λ)(k
αgρχ − 2kρg
α
χ + kχg
α
ρ )
k2(k − k2)2(k − k2 − k3)2(k + k1)2
+2 permutations
= g4faeff bfjf cjnfdne
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3
∫
d4k
(2π)4
Γ(4)
Γ(1)4
×
(kγgµα − 2kµg
γ
α + kαg
γ
µ)(k
ζgνγ − 2kνg
ζ
γ + kγg
ζ
ν)(k
χgλζ − 2kλg
χ
ζ + kζg
χ
λ)(k
αgρχ − 2kρg
α
χ + kχg
α
ρ )
[(1− x1)k2 + (x1 − x2)(k − k2)2 + (x2 − x3)(k − k2 − k3)2 + x3(k + k1)2]4
+2 permutations
= 6g4faeff bfjf cjnfdne
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3
∫
d4k
(2π)4
×
(kγgµα − 2kµg
γ
α + kαg
γ
µ)(k
ζgνγ − 2kνg
ζ
γ + kγg
ζ
ν)(k
χgλζ − 2kλg
χ
ζ + kζg
χ
λ)(k
αgρχ − 2kρg
α
χ + kχg
α
ρ )
{[k − (x1 − x2)k2 − (x2 − x3)(k2 + k3) + x3k1]2 −M27a}
4
+2 permutations
∼ 6g4faeff bfjf cjnfdne
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3
∫
d4k
(2π)4
1
(k2 −M27a)
4
×
(kγgµα − 2kµg
γ
α + kαg
γ
µ)(k
ζgνγ − 2kνg
ζ
γ + kγg
ζ
ν)(k
χgλζ − 2kλg
χ
ζ + kζg
χ
λ)(k
αgρχ − 2kρg
α
χ + kχg
α
ρ )
+2 permutations
= 6g4faeff bfjf cjnfdne
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3
∫
d4k
(2π)4
1
(k2 −M27a)
4
×
(gµνgλρk
4 + gµρgνλk
4 + 3gµρkνkλk
2 + 3gλρkµkνk
2 + 3gµνkρkλk
2 + 3gνλkµkρk
2 + 34kµkνkλkρ)
+2 permutations
∼ 6g4faeff bfjf cjnfdne
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3[(gµνgλρ + gµρgνλ)I0(M
2
7a) +
3gµρI0νλ(M
2
7a) + 3gλρI0µν(M
2
7a) + 3gµνI0ρλ(M
2
7a) + 3gνλI0µρ(M
2
7a) + 34I0µνλρ(M
2
7a)]
+2 permutations (C32)
with
M27a = −(x1 − x2)(1 − x1 + x2)k
2
2 − (x2 − x3)(1− x2 + x3)(k2 + k3)
2 − x3(1− x3)k
2
1 .
and we have used in the last step the identities:
k2 = (k2 −M2) +M2 and k4 = (k2 −M2)2 + 2M2(k2 −M2) +M4.
Taking the relations
IR0µν =
1
4
gµνI
R
0 I
R
0µνρσ =
1
24
(gµνgρσ + gµρgνσ + gµσgνρ)I
R
0 . (C33)
the divergent part can be expressed in term of IR0 :
L(7a)abcdRµνλρ;div = 6g
4faeff bfjf cjnfdne
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3[
5
2
(gµνgλρ + gµρgνλ) +
34
24
(gµνgλρ + gµλgνρ + gµρgνλ)]I
R
0 (M
2
7a) + 2 permutations (C34)
The second diagram (Fig.7b) is given by:
29
→
k1, (µ, a) k2, (ν, b)
k3, (λ, c)
→
k4, (ρ, d)
↓k
α, e
β, f
γ, i
δ, j
ξ,m
η, n
+ 5 permutations
Fig.7b.
L(7b)abcdµνλρ =
∫
d4k
(2π)4
gfaef [(k1 + k)βgµα + (−k − k + k1)µgαβ + (k − k1 − k1)αgβµ]
−iδengαη
k2
gfdmn[(k4 + k + k4)ηgρχ + (−k − k4 − k)ρgχη + (k − k4)χgηρ]
−iδmjgχδ
(k + k4)2
(−i)g2[f libf lcj(gγλgνδ − gγδgνλ) + f
licf ljb(gγδgλν − gγνgλδ) +
f lijf lbc(gγνgδλ − gγλgδν)]
−iδifgγβ
(k − k1)2
+ 5 permutations
= g4
∫
d4k
(2π)4
faef [(k1 + k)βgµα + (−k − k + k1)µgαβ + (k − k1 − k1)αgβµ]f
dme[(k4 + k + k4)
αgρχ +
(−k − k4 − k)ρg
α
χ + (k − k4)χg
α
ρ ][f
lfbf lcm(gβλg
χ
ν − g
βχgνλ) + f
lfcf lmb(gβχgλν − g
β
ν g
χ
λ) +
f lfmf lbc(gβν g
χ
λ − g
β
λg
χ
ν )]
1
k2(k + k4)2(k − k1)2
+ 5 permutations (C35)
its divergent part reads:
L(7b)abcdµνλρ;div = g
4
∫
d4k
(2π)4
faeffdme[f lfbf lcm(gβλg
χ
ν − g
βχgνλ) + f
lfcf lmb(gβχgλν − g
β
ν g
χ
λ) + f
lfmf lbc(gβν g
χ
λ − g
β
λg
χ
ν )]
[kβgµα − 2kµgαβ + kαgβµ][k
αgρχ − 2kρg
α
χ + kχg
α
ρ ]
1
k2(k + k4)2(k − k1)2
+ 5 permutations
= g4
∫
d4k
(2π)4
faeffdme[f lfbf lcm(gβλg
χ
ν − g
βχgνλ) + f
lfcf lmb(gβχgλν − g
β
ν g
χ
λ) + f
lfmf lbc(gβν g
χ
λ − g
β
λg
χ
ν )]
∫ 1
0
∫ x1
0
dx1dx2
Γ(3)
Γ(1)Γ(1)Γ(1)
[kβgµα − 2kµgαβ + kαgβµ][k
αgρχ − 2kρg
α
χ + kχg
α
ρ ]
[(1− x1)k2 + (x1 − x2)(k + k4)2 + x2(k − k1)2]3
+ 5 permutations
= 2g4
∫
d4k
(2π)4
faeffdme[f lfbf lcm(gβλg
χ
ν − g
βχgνλ) + f
lfcf lmb(gβχgλν − g
β
ν g
χ
λ) + f
lfmf lbc(gβν g
χ
λ − g
β
λg
χ
ν )]
∫ 1
0
∫ x1
0
dx1dx2
k2gβµgρχ − kβkµgρχ − 2kβkρgµχ + 4kµkρgβχ + kβkχgµρ − 2kµkχgβρ − kρkχgµβ
(k2 −M27b)
3
+
+5 permutations (C36)
with M7b = (x1 − x2)(x1 − x2 − 1)k
2
4 + x2(x2 − 1)k
2
1 . Taking the relation I
R
0µν =
1
4
gµνI
R
0 , we finally yield:
L(7b)abcdRµνλρ;div = 2g
4faeffdme[f lfbf lcm(gβλg
χ
ν − g
βχgνλ) + f
lfcf lmb(gβχgλν − g
β
ν g
χ
λ) + f
lfmf lbc(gβν g
χ
λ − g
β
λg
χ
ν )]∫ 1
0
∫ x1
0
dx1dx2(gβµgρχ −
1
4
gβµgρχ −
2
4
gβρgµχ +
4
4
gµρgβχ +
1
4
gβχgµρ −
2
4
gµχgβρ −
1
4
gρχgµβ)I0(M7b)
+5 permutations (C37)
The third diagram (Fig.7c) is evaluated to be:
30
k1, (µ, a) k2, (ν, b)
k3, (λ, c)k4, (ρ, d)
α, i
β, j
γ,m
δ, n
+ 2 permutations
Fig.7c.
L(7c)abcdµνλρ =
1
2
∫
d4k
(2π)4
(−i)g2[feaifejd(gµβgαρ − gµρgαβ) + f
eajfedi(gµρgβα − gµαgβρ) + f
eadfeij(gµαgρβ − gµβgρα)]
×(−i)g2[ffmbffcn(gγλgνδ − gγδgνλ) + f
fmcffnb(gγδgλν − gγνgλδ) + f
fmnffbc(gγνgδλ − gγλgδν)]
×
−iδimgαγ
k2
−iδjngβδ
(k + k1 + k4)2
+ 2 permutations
=
1
2
g4
∫
d4k
(2π)4
[feaifejd(gµβgαρ − gµρgαβ) + f
eajfedi(gµρgβα − gµαgβρ) + f
eadfeij(gµαgρβ − gµβgρα)]
×[ffibffcj(gαλg
β
ν − g
αβgνλ) + f
ficffjb(gαβgλν − g
α
ν g
β
λ) + f
fijffbc(gαν g
β
λ − g
α
λg
β
ν )]
1
k2(k + k1 + k4)2
+2 permutations
=
1
2
g4[feaifejd(gµβgαρ − gµρgαβ) + f
eajfedi(gµρgβα − gµαgβρ) + f
eadfeij(gµαgρβ − gµβgρα)]
×[ffibffcj(gαλg
β
ν − g
αβgνλ) + f
ficffjb(gαβgλν − g
α
ν g
β
λ) + f
fijffbc(gαν g
β
λ − g
α
λg
β
ν )]∫ 1
0
dx1
∫
d4k
(2π)4
Γ[2]
Γ[1]2
1
(k2 −M27c)
2
+ 2 permutations (C38)
with M7c = x1(x1 − 1)(k1 + k4)
2. The divergent part is:
L(7c)abcdRµνλρ;div =
1
2
g4[feaifejd(gµβgαρ − gµρgαβ) + f
eajfedi(gµρgβα − gµαgβρ) + f
eadfeij(gµαgρβ − gµβgρα)]×
[ffibffcj(gαλg
β
ν − g
αβgνλ) + f
ficffjb(gαβgλν − g
α
ν g
β
λ) + f
fijffbc(gαν g
β
λ − g
α
λg
β
ν )]∫ 1
0
dx1I0(M7c) + 2 permutations (C39)
The fourth diagram (Fig.7d) is given by:
→
k1, (µ, a)
←
k2, (ν, b)
←
k3, (λ, c)
→
k4, (ρ, d)
ke
f i
j
m
np
q
+5 permutations
Fig.7d.
L(7d)abcdµνλρ = −
∫
d4k
(2π)4
(−g)fafekµ
iδfi
k2
(−g)f bji(k + k2)ν
iδjm
(k + k2)2
(−g)f cnm(k + k2 + k3)λ
iδnp
(k + k2 + k3)2
× (−g)fdqp(k − k1)ρ
iδqe
(k − k1)2
31
= −g4faief bmif cpmfdep
∫
d4k
(2π)4
kµ(k + k2)ν(k + k2 + k3)λ(k − k1)ρ
k2(k + k2)2(k + k2 + k3)2(k − k1)2
(C40)
so the divergent part is:
L(7d)abcdµνλρ;div = −g
4faief bmif cpmfdep
∫
d4k
(2π)4
kµkνkλkρ
k2(k + k2)2(k + k2 + k3)2(k − k1)2
+ 5permutations
= −g4faief bmif cpmfdep
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3
∫
d4k
(2π)4
Γ[4]
Γ[1]Γ[1]Γ[1]Γ[1]
kµkνkλkρ
(k2 −M27d)
4
+5permutations
= −6g4faief bmif cpmfdep
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3I0µνλρ(M
2
7d) + 5 permutations (C41)
where M7d = (x1 − x2)(x1 − x2 − 1)k
2
2 + (x2 − x3)(x2 − x3 − 1)(k2 + k3)
2 + x3(x3 − 1)k
2
1 . Using the relation
IR0µνρσ =
1
24
(gµνgρσ + gµρgνσ + gµσgνρ)I
R
0 . (C42)
the divergent part becomes:
L(7d)abcdRµνλρ;div = −
1
4
g4faief bmif cpmfdep(gµνgλρ + gµλgνρ + gµρgνλ)
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3I
R
0 (M
2
7d)
+5 permutations (C43)
The last diagram (Fig.7e) is evaluated to be
→
k1, (µ, a)
←
k2, (ν, b)
←
k3, (λ, c)
→
k4, (ρ, d)
k
+5 permutations
Fig.7e.
L(7e)abcdµνλρ = −Tr
∫
d4k
(2π)4
igγµT
a i
k/− k/4 −m
igγρT
d i
k/ + k/2 + k/3 −m
igγλT
c i
k/ + k/2
−migγνT
b i
k/−m
+5 permutations
= −g4Tr(T aT dT cT b)
∫
d4k
(2π)4
tr[γµ(k/ − k/4 +m)γρ(k/ + k/2 + k/3 +m)γλ(k/ + k/2 +m)γν(k/ +m)]
[(k − k4)2 −m2][(k + k2 + k3)2 −m2][(k + k2)2 −m2][k2 −m2]
+5 permutations (C44)
the divergent part reads:
L(7e)abcdµνλρ;div = −g
4Tr(T aT dT cT b)
∫
d4k
(2π)4
tr(γµk/γρk/γλk/γνk/)
[(k − k4)2 −m2][(k + k2 + k3)2 −m2][(k + k2)2 −m2][k2 −m2]
+5 permutations
∼ −g4Tr(T aT dT cT b)
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3
∫
d4k
(2π)4
Γ[4]
Γ[1]Γ[1]Γ[1]Γ[1]
tr(γµk/γρk/γλk/γνk/)
(k2 −M27e)
4
+5 permutations
= −24g4Tr(T aT dT cT b)
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3
∫
d4k
(2π)4
1
(k2 −M27e)
4
×(gµνgλρk
4 − gµλgνρk
4 + gµρgνλk
4 − 2gµνkλkρk
2 − 2gνλkρkµk
2 − 2gλρkµkνk
2
−2gρµkνkλk
2 + 8kµkνkλkρ) + 5permutations (C45)
32
where M7e = m
2 + (x1 − x2)(x1 − x2 − 1)k
2
4 + (x2 − x3)(x2 − x3 − 1)(k2 + k3)
2 + x3(x3 − 1)k
2
2 . Using the relation
IR0µν =
1
4
gµνI
R
0 , we finally obtain:
L(7e)abcdRµνλρ;div = −8g
4Tr(T aT dT cT b)(gµνgλρ − 2gµλgνρ + gµρgνλ)
∫ 1
0
dx1
∫ x1
0
dx2
∫ x2
0
dx3I
R
0 (M7e) +
5 permutations (C46)
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